COMPLEX ALGEBRAIC CURVES. ANNULI 



MACIEJ BORODZIK AND HENRYK ZOLADEK 

Abstract. We give complete classification of algebraic curves in C 2 which 
are homeomorphic with C* and which satisfy certain natural condition about 
codimensions of its singularities. In the proof we use the method developed in 
[BZI]. It relies on estimation of certain invariants of the curve, the so-called 
numbers of double points hidden at singularities and at infinity. The sum of 
these invariants is given by the Poincare— Hopf formula applied to a suitable 
vector field. 



1. The result 

By a plane algebraic annulus we mean a complex reduced algebraic curve CcC 2 
which is a topological embedding of C* = C\0. Therefore C has two places at infinity 
and can have only cuspidal finite singularities, i.e. with one local component. Any 
such curve can be defined by an algebraic equation f(x, y) = 0, but we prefer its 
parametric definition 

(1.1) x = <p(t), y = ip(t), 

where tp, ip are Laurent polynomials and the map 

£ = (^):C*^C 2 

defined by (1.1) is one-to-one. 

The aim of this work is to classify the algebraic annuli up to equivalence defined 
by: 

• polynomial diffeomorphisms of the plane, 

• change of parametrization. 

Recall that by the Jung-van der Kulk theorem (see [AbMo]) any polynomial 
automorphism of C 2 (so-called Cremona transformation) is a composition of a linear 
map and of elementary transformations (x + P(y), y), (x, y + Q(x)). The parameter 
t can be changed to Xt or to X/t. 

In the following theorem we present a list of embedded annuli which satisfy 
so-called regularity condition. Roughly speaking, this condition means that some 
Puiseux coefficients in Puiseux expansions of local branches of C at the singular 
points form regular sequences, when treated as functions on finite dimensional 
spaces of annuli with fixed asymptotic at infinity. The regularity condition is defined 
in the next section and is studied in our subsequent paper [BZIII]. 
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Main Theorem. Any algebraic embedding of C* into C 2 satisfying the regu- 
larity condition is equivalent to one from the below list of pairwise non- equivalent 
curves (19 series and 4 exceptional cases): 

(a) x = t m ,y = t n + b 1 t- m + b 2 t- 2m + ... + b k t- km , gcd(m, n) = 1, k = 0, 1, . . . , 
bj e C, (b k = 1 if k > 0); 

(b) x = t(t- 1), y = R k , m {\), k = 1,2,..., m = 0,l,..., (k,m) £ (1,0), (2,0), 
(1,1), and Rk, m are Laurent polynomials defined via Ro, m (u) = (- — ^) 2m+1 , 
i?fe+i,m(u) = [Rk,m(u) - R k , m {l)]u 2 /(u - 1); 

(c) x = t mn (t- 1), y = S k (j), k = 1,2,..., n = 2,3,..., mn > 2, and 5* are 
de/ined wa Sb(«) = u", Sfc+i(it) = [5 fe (u) - S fe (l)]n m " +1 /(n - 1); 

(d) x = t m "" 1 (i- 1), y = T fe (i), fc = 1,2, . .., n = 2,3, . .., ran > 3, and T k are 
defined via T (u) = u n , T k+1 {u) = [T k {u) - T k (l)]u mn /{u - 1); 

(e) x = t mn (t - 1), y = U k {\), k = 1,2,..., n = 2, 3, ... , mn > 2, arcd 
E/b(u) = u" n , = [U k (u) - U k (l)]u mn+1 /(u - 1); 

(f) x = i™"- 1 ^ - 1), y = V fe (i), fc = 1,2,..., n = 2, 3,..., ran > 4, arcd 

y («) = «"", Wn(«) = [Vfe(«) - Vfe(i)] u m "/("- i); 

foj a: = t 2 (i-l), y = W fe (i), fc = 1,2,..., and Wi(u) = 3w-u 2 , W fe+1 (n) = 
[W fc («)- W k (l)]u 3 /(u-l)- 

(h) x = t 3 {t -l),y = X k {\), k = 1,2,..., a«d Xi(u) = 2n 2 - n 3 , X fe+1 (n) = 
[X k (u)-X k (l)]u 4 /(u-l); 

(i) x = t 3 {t-l), y = Y k {\), k = 1,2,..., and Y^u) = 2u 2 + u 3 , Y k+1 {u) = 
[Y k {u)-Y k {l)]u A /{u-l); 

(j) x = Z m , n (t) 7 y = t + j, < m < n, (m,n) ^ (0,0), and the polynomials 
Z m , n are defined by Z m . n (t) - Z m , n {\) = (t - l) 2m+1 (t + i)2n+i t -m-n-i. 
(k) x = (t- l) 3 t- 2 , y = x k ■ (i- l){t-4)t- 1 , k= 1,2,...; 
fZj a; = (i - l) m i" p ", y=(t- l) k t~ pl , ml - nk = 1, p = 1, 2, . . . ; 
(mj a; = (i - l) pm i-™, y = (t - l)P k t~\ ml - nk = 1, p = 2, 3, . . . ; 
fnj .t = (t - l) 2m t- 2n , y={t- l) 2k t- 21 , ml-nk= 1; 

fo) x = y n -{t- l) 2m (t + l)t~ m , y={t- i) im t 1 - 2m , m = 1, 2, . . . , n = 0, 1, . . . ; 
( P ; a: = (t - l) 4 t- 3 , y = x k ■ (t - l) 2 (t - 3)*- 2 , k = 0, 1, . . . ; 
fgj .t = y" • (t- l) 2m - 1 (t+ l)t~ m , y = (t - l)4m-2 t i-2m j m = 2,3,..., n = 
0,1,...; 

(Vj x = y n -it- l) 3 (t + e*«/ 3 )(- 2 , y = (t - l) 6 i" 3 , n = 0, 1, . . . ; 

(s) a; = t 2 "(t 2 + v/2i + 1), y = t- 2 "- 4 (t 2 - \/2f + 1), n = 1, 2, . . . ; 

(t) x = (t 2 + t+ |)t 4 , y = (t 2 - t + i)i- 8 ; 

(u) X = (t- l) 2 (t + 2)t-\ y=(t- l)Ht + \)t- 2 - 

(v) x = {t- l) 2 (t + 4 + 2V5)t-\ y = (t - l) 4 (t + \ (11 + 5\/5)) t~ 2 - 

(w) x = (t- l) 2 (t + 2)t~\ y=(t- l) 2 (t + \)r 2 . 



Commentary. Here we present singularities of the curves listed in Main The- 
orem. We expose the essential terms in expansions of these curves at the singular 
points in the affine parts of the curves as well as at the infinity. 

(a) The curve is smooth, i.e. in the affine part. As t — > oo we have x <~ t m and 
y ~ x n / m + (integer powers of a;). As t — > we have x ~ t m and y ~ x"/ m + (integer 
powers of a;). If n > m the curve has only one point at infinity (in CP ), otherwise 
there are two such points. See also Lemma 3.2. 
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(b) The curve has one singular point of the type A 2m , i.e. Y 2 = X 2m+1 , at 
t = |. As t — ► oo we have x ~ i 2 and y ~ cix -1 + c 2 x m ~ fe+1 / 2 (here m — fc + 1/2 
can be > —1). As t — > we have x ~ £ and y ~ i - *. Sec also Lemma 3.10. 

(c) The curve is smooth. As i — > oo we have x ~ £ mn+1 and y <~ cix -1 + 
C2a .- fe -„/( mn+ i)_ As t ^ we have x ~ i m ™ and y - x^" 1 /™^ + cx 1 /" 1 "). Sec 
also Lemma 3.11. 

(d) The curve is smooth. As t — > oo we have x ~ t mn and y ~ cix -1 + 
c^-fc-i/m^ + C3X -i/-mny As ^ -> we have x - t mn ~ x and y - a; -fe-n/(mn-i)_ 

See also Lemma 3.11. 

(e) The curve is smooth. As t — > oo we have x ~ £ mn+1 and y ~ cix -1 + 
c 2a; -fe+n/(m™+i). As t -» we have x ~ t m " and y - cix" 1 + c 2 x- fe+1 / m (l + 
C31 1 /™). See also Lemma 3.14. 

(f) The curve is smooth. As t ^ 00 we have x ~ i m " and y ~ cix -1 + 
c 2a; -fc+i/m(l + caa;- 1 /™™). As t ^ we have x - t"" 1 " 1 and y ~ cix" 1 + 

C2a .-fe+n/(mn-l)_ g ce alsQ Lemma 3 . 14 _ 

(g) There is the cusp singularity A 2 at t = 2/3. As t — > 00 we have x ~ t 3 and 
y ~ cx -1 + x _fe_1 / 3 . As t — > we have x ~ i 2 and y ~ cix -1 + c 2 x~ fc (l + C3X 1 / 2 ). 
See also Lemma 3.15. 

(h) There is the cusp singularity A 2 at t — 3/4. As t — > 00 we have x ~ t 4 
and y ~ cix -1 + c 2 x~ fe+1 / 2 (l + C3X -1 / 4 ). As i — > we have x <~ i 3 and y ~ 
cix -1 + c 2 x~ fc+1 / 3 ). See also Lemma 3.15. 

(i) The curve is smooth. As t — > 00 we have x <~ t 4 and y ~ cix _1 +c 2 x _fe+1 / 2 (l+ 
C3X" 3 / 4 ), i.e. we have a degeneration. As t — > we have x ~ t 3 and y ~ cix -1 + 
c 2 x _fe+1 / 3 ). See also Lemma 3.15. 

(j) As t — > 00 we have y <~ t and x ~ 2/™+"+! and as t — > we have y <~ i -1 and 
x ~ y _1 (smoothness). It has two singular points: at t = 1 and at i = — 1 of the 
type A 2m (i.e. (i 2 ,i 2m+1 )) and of the type A 2 „ respectively. See also Lemma 4.18. 

(k) The curve has two singular points: at t = 1 with x <~ (i — l) 3 , y <~ a; fe+:L/ ' 3 
and the cusp A 2 at t = —2. As t — > 00 we have x ~ t and y <~ x k+1 . As i — > we 
have x <~ t~ 2 and y ~ x _fe_1//2 . See also Lemma 5.14. 

(1) The curve has singular point at t = 1 : x <~ (t — l) m and y <~ x fc / m . As 
t — > 00 we have x <~ t m ~ pn and y <~ t fc ~ p '. As f — > we have x ~ i~ p " and 
y - x'/"(l + cx- 1 /'P n ). See also Lemma 5.15. 

(m) The curve has singular point at t = 1 : x ~ (t — l) pm and y ~ x fe / m (l + 
cx 1/pm ). As f — > 00 we have x ~ and y — t pfe ~'. As f — > we have x — t~ n 

and y ~ See also Lemma 5.15. 

(n) The curve has singular point at t = 1 : x <~ (t — l) 2m and y <~ x fc / m (l + 
cx 1 / 2 ™). As f -» 00 we have x ~ t 2 (™-™) and y ~ x (fc-0/(™-™) (1 + cx -i/2(m-n)y 
As t — > we have x <~ t -2 ™ and y ~ x'/"(l + cx -1 / 2 "). See also Lemma 5.15. 

(o) The curve has singular point at t = 1 : y ~ (t — l) 4m and x ~ y™ +1 / 2 (l + 
Ciy i/2m + C2y 3/4my As t — > oo we have y - t 2m+1 and x - j / n+(m+i)/(2m+i)_ As 
f^Owe have y - t 1 " 2 " 1 and x - y «+™/(2m-i)_ See also Lemma 5.20. 

(p) The curve has two singular points: at t = 1 with x <~ (t — l) 4 and y ~ 
x fe+1 / 2 (l + cx 1 / 4 ) and the cusp A 2 at t = —3. As t — > 00 we have x <~ f and 
y ~ x fc+1 and x ~ t -3 , y <~ x fc+2 / 3 as f — > 0. See also Lemma 5.14. 

(q) The curve has singular point at t = 1 with y ~ (t — l) 2 ( 2m-1 ) and x <~ 
+ q/ 2/2(2m-i))_ As t — > oo we have y - t 2m-1 and x - y "+W(2m-i)_ As 
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t — > we have y <~ t 1_2m and x <~ _y n +'"/( 2, »- 1 ) i Thus the two local branches at 
infinity have the same order of the asymptotic but differ in the leading coefficient. 
See also Lemma 5.37. 

(r) The curve has singular point at t = 1 with y ~ (t — l) 6 and x ~ y™ +1 ' /2 (f + 
q/ 1 / 6 )). As t — > oo we have y ~ i 3 and x ~ y™+ 2 /3_ As i we have y ~ t~ 3 and 
x <~ (— e W 3 )y™+ 2 / 3 . Thus the two local branches at infinity have the same order of 
the asymptotic and the leading coefficients, denoted A and B respectively, satisfy 
A 3 = B 3 . It is the whole degeneration at infinity. See also Lemma 5.37. 

(s) The curve is smooth. As t — > oo we have x ~ ^2(n+i) an( j ^ ^ cix -1 + 
c 2 x- 1 - 2/( " +1) (l +c 3 z~ 1/2(n+1) ). As t -> we have x - t 2 ™ and y - x"("+ 2 )/"(l + 
ex 1 / 2 ™). See also Lemma 3.20. 

(t) The curve is smooth. As t — > oo we have x ~ i 6 and y ~ x _1 + cix~ 3 / 2 (l + 
c 2 x -1 / 6 ). As t — > we have x ~ t 4 and y <~ cix~ 2 + c 2 x~ 3 / 2 + c 3 x -5 / 4 . See also 
Lemma 3.27. 

(u) The curve has singularity of the type A§ at t = 1. As t — > oo we have x ~ i 2 
and y ~ x 3 / 2 . As t — > we have x <~ and y ~ x 2 (smoothness). See also Lemma 
5.8. 

(v) The curve has two singularities of the type A4 : at t = 1 and at t = |(\/5— 2). 
As t — > 00 we have x ~ t 2 and y ~ x 3 / 2 . As t — > we have x ~ and y ~ x 2 
(smoothness). See also Lemma 5.8. 

(w) The curve has three cusps A 2 and is smooth at t = 00 (y ~ x ~ y 2 ) and 
at f = (x ~ y <~ x 2 ). See also Lemma 6.1. 

It follows that exactly in the cases (a), (c), (d), (e), (f), (i), (s) and (t) the 
C*-embedding is smooth. 

We have checked that any curve from the above list can be reduced to a straight 
line by means of a birational change of CP 2 . (The same holds for affine rational 
curves with one self- intersection, which were classified in [BZI].) We do not present 
these changes; the reader can easily do it case by case. This confirms the conjecture 
that any rational curve in CP 2 can be straightened via a birational automorphism 
(see [FIZa]). 

In contrast to the list given in [BZI] the classification from Main Theorem con- 
tains moduli. These moduli & 2 ,...,6; appear only in the case (a). Our method 
does not explanation this phenomenon in a satisfactory way. 

Recall that Main Theorem does not yet solve the problem of classification of 
(topological) embeddings of C* into C 2 . It assumes some bound on codimensions 
of singularities of (topological) immersions of C* into C 2 which are stated in Con- 
jecture 2.40 below. In this sense Main Theorem is an analogue of the main result 
of our previous paper [BZI] , where a classification of (topologically) immersed lines 
C into C 2 with one self-intersection point is given (21 cases with 16 series and 
5 exceptional cases) under an analogous assumption about codimensions. In our 
forthcoming paper [BZIII] we prove some results about the codimensions (see also 
Remark 2.43 below). The bounds obtained are not optimal, the discrepancy be- 
tween this bound and the dimension of (topologically) immersed annuli is > 4. In 
principle it is possible to complete the proof of the classification from Main Theo- 
rem, for this one has to analyze a lot more cases that in the below proof. We have 
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done this analysis (without publication) for annuli of the type (~) (see (2.35)) and 
no new cases have appeared. 

We recall that any simply connected curve either is rectifiable x — t, y = 
(the Abhyankar-Moh-Suzuki theorem [AbMo], [Sul]) or is equivalent to the quasi- 
homogeneous curve x — t k , y — t l (the Zaidenberg-Lin theorem [ZaLi]). 

There are not many results about curves homcomorphic to an annulus. W. 
Neumann [Ne] proved that if such curve / = is smooth and typical in the family 
/ = A, then it is equivalent to the case (a) of Main Theorem. L. Rudolph in [Ru] 
gives the example x = t 2 + 2t~ 2 , y = 2t + 1~ 2 of a projective rational cuspidal curve 
with three cusps; it is the case (w) of Main Theorem. 

S. Kaliman [Ka] classified all smooth embeddings of C* into C such that the corre- 
sponding polynomial F has rational level curves. These are F(x,y) = 
[x mn+1 - (x n + x) m ] /x m = and [x™"" 1 - (x™ + x)m] jx m = 0, where X = 
x' m y + a m _ix m_1 + . . . + a\x + 1 are such that the above functions are polynomials. 
Moreover, m > 2, n > 1 and (m, n) ^ (2, 1) in the case of second curve. Later 
we shall see that these curves correspond to x = t mn (t — 1), y = U m {\) (from the 
series (e)) and x = t mn ~ x {t — 1), y = V m (j) (from the series (f)) respectively. 

The series (s) was firstly found by P. Cassou-Nogues (we owe this information to 
M. Koras). Also M. Koras and P. Russell proved (but have not published yet) that 
any smooth annulus can be reduced to one of the curves found by M. Zaidenbcrg 
and V. Lin. The problem of classification of annuli is raised also in the work [NeNo] 
of W. Neumann and P. Norbury. 

Among other methods in the study of affine algebraic curves it is worth to men- 
tion the knot invariants (so-called splice diagrams introduced in [EiNe]) used by 
Neumann and Rudolph (see [NeRu]). The splice diagrams are related with the 
dual graphs of the resolution of singularities and of indeterminacy (of the polyno- 
mials defining the curves) at infinity (see [ABCN). 

There are some works devoted to study projective curves, see [FIZa], [MaSa], 
[Su2], [Or], [OZ1], [OZ2], [Yo], [ZaOr] for example. We do not consider projective 
curves (only affine ones), because our method ceases to be effective in the projective 
case. 

The method used in this paper was developed in [BZI]. It relics on estimates 
of numerical invariants of local singularities, like the Milnor number (or, better, 
the number of double points hidden at a singularity), in terms of suitably defined 
codimensions of the singularities. The sum of the numbers of hidden double points 
is calculated by means of the Poincare-Hopf formula and the sum of codimensions 
is estimated by the dimension of the space of parametric rational curves with fixed 
asymptotic behaviour at infinity. Such estimates allow to reduce the set of curves, 
which are candidates for C*-embeddings. There remain several classes of curves 
which are studied separately. The details of the method are given in the next 
section. 

The very proof of Main Theorem is given in Sections 3, 4, 5 and 6, each devoted 
to one type of curves. 
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2. Estimates for annuli 

2.1. The Poincare Hopf formula. Lot C = {/ = 0} be a reduced curve in 
C 2 . The Hamiltonian vector field ^f = f y -§^ — fx-§^ is tangent to C. 

Suppose that z is a singular point of C. Consider the local normalization N z : 
A — > (C, z), where A is a disjoint union of discs Aj, j = 1, . . . , k, Aj ~ {\z\ < 1} , 
such that Aj = N z (Aj) are local irreducible components of (C,z). The pull-back 
X = N*Xf = {N z )~ 1 Xf o N z of the Hamiltonian vector field is a vector field on 
the smooth manifold with isolated singular points pj = N^ 1 (z) fl Aj, j = 1, . . . , k. 
Therefore one can define the indices i Pj X. 

2.1. Definition. We call the quantity 

s z = \Yj i Pi* 

3 

the number of double points of C hidden at z. 

It is known that (see [BZI]) 

(2.2) 26 t = Y /f M x {A j ) + 2Y i {A i -A j ) t 

3 i<3 

and 

(2.3) 25 z =n z {C) + k-\. 

Here /U z (-) and (Ai ■ Aj) z denote the Milnor number and the intersection index 
respectively. Therefore S z coincides with the standard definition of the number of 
double points (see [Mil]). It is the number of double points of a generic perturbation 
of the normalization map N. 

Consider now the normalization TV : C —> C of the closure C C CP 2 of C. The 
vector field N*Xf is not regular, it has poles. Therefore we choose 

X = h-N*X f , 

where h : C —> M+ is a smooth function tending to zero sufficiently fast near the 
preimages of the points of C at infinity. The indices of X at the preimages of the 
points at infinity are well defined. 

The Poincare-Hopf formula states that 

t singular 

where x(C) denotes the Euler-Poincare characteristic; (it is sometimes called the 
intristic Euler-Poincare characteristic of C). 

We are interested in the case when C = CP 1 and _/V -1 (C) = CP 1 \{(0 : 1), (1 : 0)} = 
C*. The normalization map iV|c* coincides with the parametrization t — ► £(t). 

The number of double points hidden at a cuspidal singularity is expressed via 
its Puiseux expansion. Assuming that the curve is locally given by 

(2.4) x = r n , y = G\T + C 2 T 2 + ... 
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(it is the so-called standard Puiseux expansion) we define the topologically arranged 
Puiseux series 

y = x m « {D + ...)+ W"i (£>j + ...) + ... + a?""/" 1 -"' (A + • • •) 
1 j = ^(Do + ...)+ ^(Di + ...) + •• - + t v '(D[ + ...)• 

Here mo is an integer, the characteristic pairs (mj,rij) satisfy rij > 1, gcd(mj, n 3 ) = 
1, n = ni . . . ni, v < v\ < ... < vi, the essential Puiseux coefficients Dj ^ and 
the dots in the j-th summand mean terms with x k / ni --- n i . The first summand may 
be absent. 

2.6. Proposition ([Mil]). We have 

i 

fi = 2<5 = ^2(vj - l)(rij - l)n j+ i ...n t 

The annulus C has two places at infinity, one corresponding to t = and one 
corresponding to t = oo. 

Let Coo denote the branch corresponding to t — > oo with local variable r = : 

(2.7) C oc :x = t-p + ..., y = T- q + ... 

with the topologically arranged Puiseux expansion 



V = x 



n/pi 



(Ei + ...)+ a*>/™» (E 2 + ...) + ... + a;*»M-«oo (^^ +...), 



where gcd(qj,pj) = 1 for the corresponding characteristic pairs. 
Let Co be the second branch: 

(2.8) C : x = r r + ..., y = t~ s + . . . , t-»0, 

with the Puiseux expansion 

Co : y = W ri (Ji + ...) + W rir2 (F 2 + ...) + ... + a ;«io/'-i-no (F, + ...), 

where gcd(sj,rj) = 1. The following result is proved in the same way as Theorem 
2.7in[BZI]. 

2.9. Proposition. If ps — rq ^ 0, then 

2 - Yy<ljPj+i ■ ■ -Ploo ~ l ){Pj - l )P]+i ■ ■ -Pioa > - max(ps,rq) 



and 



r 



i X = 1 2 - ^(sjTj+i . . .r io - l)(rj - l)r J+ i . . . r lo ^ - max(ps, rq). 
Denote 

(2.10) p' = gcd(p, q), r' = gcd(r, s), 

in (2.7) and (2.8) they are equal p 2 . . .pi^ and r 2 ■ . . n respectively. Assuming 
that the curve is typical, i.e. that the only singularities are nodal (double) points 
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and that there are two characteristic pairs at t = oo ((qi, pi) and (q — l,p')) and 
at t = ((si,n) and (s — 1, r')), we get 

z X + ioo X = {2-( g -l)(p-p')-(«-2)(p'-l)} 

+ {2 - (s - l)((r - r') - (s - 2)(r' - 1)} - 2 max(ps, rg) 
= {2 - [(g - l)(p - 1) - (p' 1)]} + {2 - [(* - l)(r - 1) - (r' - 1)]} 
—2 max(ps, rg) 

= 2 - {(p + r - + s - 1) - (p' + r' - 1) + |ps - rq\} . 
It is natural to introduce the maximal number of double points <S max by 

(2.11) 25 max = (p + r - l)(g + s - 1) - (j/ + r' - 1) + |ps - rg| 

which is the number of finite double points in the typical case (this notion is valid 
also when ps = rq). Define also the number of double points hidden at t = 0, i.e. 
<*0, by 

(2.12) 2<5 = (2 - i X) - 2(5o, ma x, 2<5 , max = (r - 1)(* - 1) - (/ - 1) + max(ps, rq) , 

the number of double points hidden at t = oo, 5oo by 
(2.13) 

26oo = (2 - iocX) - 2<5oo imax , 2<5oo, max = (p - l)(q - 1) - (p' - 1) + max(ps, rq), 
and the number of double points hidden at infinity 

<5inf = S + (5oo when ps ^ rq. 
The numbers So, Soo, an d <$inf control the degenerations of a given curve at infinity. 

2.14. Remark. The number (5; n f should be not confused with the number of 
double points hidden at the singular points at infinity in CP 2 of the projective 
closure C of the curve C. 

2.15. Proposition. We have 

(2.16) 25 inf + J2 25 pj = 2 <W, 

Pj 

where the sum runs over finite singular points Pj = £(fj) of the curve C = £(C*). 
It implies that, for an embedding £ (with fixed asymptotic as t — > and t — ► oo), 
tfte double points (for a generic immersion C* — > C 2 ) /lide at infinity and at the 
finite cuspidal singularities. 

The identity (2.16) holds true also in the case ps — rq, but with another inter- 
pretation of 5inf given below. 

In the case ps — rq = some terms of the Puiseux expansion for the branches 
Co.oo ma y coincide. We have 
(2.17) 

C 00 :x = t y P + ..., y= G x x w l v + ... + G u x^ w - u+1 ^ v + Ex u °°' v ^ + ... 
C :x = t~ vf + y = Gix w ' v + ... + G u x {v} - u+1 ^ v + Fx u °/ vfl + ... 

Here u terms of the two Puiseux expansions coincide and we assume that it is 
maximal such sequence (when taken into account different choices of the roots 
x j / y ). The terms Ex u °°l viil , gcA( Uo o,Pi) = 1, and Fx u °/ vf \ gcd(u ,ri) = 1, are 
different: either Uoo/vpi ^ uo/vfi oruoo/vpi = u^/vfi but E^ 1 ^ F v ^ 1 . Moreover, 
v is maximal possible (so that G u might possibly be zero). 
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Let us arrange topologically the coinciding terms 

(GxW" 1 + ...) + ... + (G r x w '/ Vl - Vl + ...) , gcdfaj.vj) = 1. 
The next result is analogous to Proposition 2.13 in [BZI]. 
2.18. Proposition. We have 

2-ioX-i^X = Y,(ljPJ+i---Ploo- 1 )(Pj- 1 )Pj+-i---Ploo 
+ ^2( s 3 r 3+i ■ ■ ■ ri - - l)r j+1 . . . n 

+ 2 P1 (j2 w i( v i ~ ^ ( v i +1 ■ ■ ■ Vl f + max ^}) • 

FF/ien we define the number of double points hidden at infinity by 
(2.19) 2<5 inf - 2<S max - (2 - ioc X - i X), 

iften the identity (2.16) holds true. 

2. II. Bounds for the numbers of hidden double points. The success of 
the paper [BZI] relied upon using very effective estimates for the Milnor numbers 
of singularities and for the number of double points hidden at infinity. Following 
[BZI] for local cuspidal singularities of the form x = t", y = C\t + C-2.T 2 + . . . , i.e. 
with fixed n, we define the codimension v of the stratum fj, =const as the number 
of equations d = (vanishing essential Puiseux quantities) appearing in definition 
of the cquisingularity stratum. 

2.20. Proposition. ([BZI]) The Milnor number of such singularity satisfies 

(2.21) fj, < nv. 
Moreover, when we restrict the class of curves to 

(2.22) x = r n , y = r m (l + C 1 T + ...), 
then 

(2.23) (j, < Ai mi „ + n'u', 

where n' = gcd(m, n), v' is the codimension of stratum \x =const and the minimal 
Milnor number equals 

(2.24) Mmin = (m-l)(n-l)-(n'-l). 



We complete Proposition 2.20 with presentation of some situations when the 
bounds (2.21) and (2.23) become equalities (without straightforward proofs). 

2.25. Lemma.T/ie equality u — nv holds only in two cases: 

(i) when there is only one characteristic pair (m,n) with m = 1 (mod n) (it is 
always so when n = 2); 

(ii) when there are two characteristic pairs (mi,ni), ra\ = \ (mod m) and 
(rain 1 + 1, n'). 

2.26. Lemma. For the curve (2.22) necessary conditions for the equality fi = 
A^min + n'v' are following: 
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(i) if there are two characteristic pairs (mi,ni) and (m',n'), then m! = 1 
(mod n'); 

(ii) if v' = 1, then n' is even and C\ = 0; 

(Hi) if v' = 2, then either n' — 2 and C\ = C3 = 0, or n' = (mod 3) cmd 
Ci = C 2 = 0. 

TTiere are aZso natural inequalities for suitable essential Puiseux coefficients, e.g. 
C 2 C 5 ¥= i/ v' = n' = 2 < n. 

2.27. Lemma. In general we have 

nu < ^min + nV. 

J/ i/iere is equality nv = fi min + nV i/ien either: 

(i) m — In (here v' = v — l(n — 1)), or 

(ii) m — In + n' and v' = 0. 
In the second case we have 

(2.28) M = Mmin < m(n — 1) — n/2. 

The numbers of double points hidden in places at infinity are estimated in the 
next proposition, whose proof repeats the proof of Propositions 2.12 and 2.16 from 
[BZI]. Recall the notations p' — gcd(f>, q), r' = gcd(r, s) and recall that ^ = if 
p' = 1 and S = if r' = 0. 

2.29. Proposition, (a) If ps ^ rq, then 

(2.30) 2,5^ < p'l/oo if p' > 1, 25 < r'vo if r' > 1, 

where (respectively vq) is the codimension of a corresponding stratum in the 
space of curves with asymptotic (2.7) (respectively (2.8)). 
(b) If ps = rq, then 

(2.31) 2<5 inf < {p' + r')(u iDf + 1), 

where v m f = vq + Uoo + Vtan, and are defined as in the point (a), and i/ ta n is 
the number of first coinciding coefficients of the Puiseux expansions of the branches 
Coo and Co which are not vanishing essential Puiseux coefficients ( = u— number 
of vanishing essential Gj's in (2.17)). 

This proposition admits the following improvements. 

2.32. Lemma, (a) If ps = rq and p' = r' = 1, then 25- m i < 2v m i (here 
vo = v oc = 0). 

(b) If ps = rq and v- ln { — or v- ln { = 1, then 2S ln [ < (p' + r')v- m i- 

(c) Let ps ^ rq and y = x qi ' Pl {l + Cit~ l + . . .), Q ^ 0, as t -> 00. Then 
2<5oo < 25 COimin +p"u'^, where 

2<5 o,min = (i-l)(p'-l) + (p"-l), 

p" = gcd(p, I) and u'^ is the corresponding codimension. (Analogous statement 
holds for 28o) ■ 

2.33. Remark. If ps = rq, then 

p = pip, r = pir', q = qip', s = q x r . 
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Here the property J^tan > 1 means that 

E{ 1 = Ff 1 

in the Puiseux series y = E\x qi l pi + . . . and y — Fix qi ^ Pl + . . . . 

2. III. Spaces of parametric annuli. We consider curves of the form x = ip(t), 
y = ip(t), where 



(2.34) 



ip = t p + aitP- 1 + . . . + a p+r r 

■<p = t q + M 9_1 + . . . + b q+s r 



For fixed p,r,q,s we denote by Curv — Curv r ^ SA ~ £,P+Q+ r + s \ {a p+r b q+s ^ 0} 
the space of such curves. 

It is easy to see that, upon application of a Cremona transformation and of 
eventual change t — ► l/t, we can divide all curves into the following four types 
(recall that p' = gcd(p, q), r' = gcd(r, s j): 



Type (+) 
(2.35) T yP c (+-) 

Type (;) 

Type (I) 



when < p < q, < r < s, r' < p' and min (jL, g Z; 

when < q < p, < r < s and p + r < q + s; 

when < —r < p, q > 0, s > and 1 Z; 

when < — r < p, < — q < s and p — \r\ < s — \q\ . 



Graphically they are presented at the below figures. 



Type (+): 



Type (+;): 



p 


r p 


r 


Q 


s q 


s 









Type (+): 



Type 







-\q\ 







The space Curv (for fixed p, r, q, s) admits action of a group Q generated by: 

• the multiplication of t by A -1 accompanied with multiplication of x by X p 
and of y by X q ; 

• the addition of a constant to x (respectively to y) if r > (respectively if 
q > 0); 

• the change y — > y + P(x) for a polynomial P of degree 



(2.36) 
k = min 



for 



+ 



for 



+ 



= for 



+- 



and 
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2.37. Definition. The space Curv — Curv/Q is called the space of annuli. Its 
is a quasi-projective variety of dimension 

(2.38) a := dim Curv = p + q + r + s — 1 — e — k, 

where e = 2 for Type (+) and Type (~+) , e — 1 for Type (~) and e = for Type 

(:)• 

A typical clement from Curv has <5 max simple double points. If £ € Curv is such 
that its image C = £(C*) does not have self-intersections, then its double points are 
hidden either at singular points • • ■ , £(ijv) or at infinity. 

2.39. Definition. A point tj is singular for a parametric curve £ : C* — > C 2 
iff £'(tj) = 0; (therefore a self-intersection of smooth branches of C = £(C*) is not 
regarded as singular point of the immersion £, though it is a singular point of C). 
We have 

ip(t) = arj + (t - («i + ...). iK*) - 1/j + - *i) 2 ). 

where rij is called the x- order of tj. The singular point tj is characterized by 
its y-codimension Vj (in the sense of Proposition 2.20) and by its Milnor number 
Ht } = 25 tj ■ We define the external codimension of tj as 

extvj = (rij — 2) + Vj. 

(Note that rij — 2 is the number of conditions that <p'(t) has (somewhere) zero of 
order rij — 1.) 

The above notions of x-order and of y-codimension are not symmetric with re- 
spect to the change x < — ► y. In fact, we use these notions (in this form) when 
p + r < q + s; so Types (^), (~^) and (~) are included here. But for Type (~) 
with q + s < p~ \r\ wc define rij as the y-order and Vj as the x-codimension of the 
singularity. 

When some double points are hidden at infinity, then the corresponding external 
codimensions are 

extv a = v , extvaa = extv ini = u inl , 

where vo, Voo and v m f = v + + v tan were defined in Proposition 2.29 (with the 
agreement v tan — when ps ^ rq) . 

The space Curv contains curves such that the map £ : C* — > C is several-to-one. 
Such curves are called multiply covered (or non-primitive) and form an algebraic 
subvariety Mult of Curv. If £ G Mult then some its singular points have infinite 
codimension. 

The conjecture following was mentioned in Introduction. It is crucial in the 
sequel sections and is proved in the sequent paper [BZIII]. 

2.40. Conjecture (codimension bound). Suppose that 

N 

(2.41) extv-mf + extv tj < & — dim Curv. 

3 = 1 

Then the degenerations as described in Definition 2.39 occur along an algebraic sub- 
variety of the space Curv\Mult of codimension extVi n f+^2 extv tj ■ If the above sum 
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of external codimensions is greater than a, then it equals oo and the degeneration 
occurs along a subvariety consisting of multiply covered curves. 
The inequality (2.41) is called the regularity condition. 

2.42. Remark. The multiply covered curves (or non-primitive curves) are such 
that the map £ : C* — > C 2 is several-to-one. By the Liiroth theorem (or the Stein 
factorization) any multiply covered curve has the form £ = £ o ui, where either 
u>(i) = t d and £ is primitive, or uj : C* — > C is a Laurent polynomial and the 
mapping £ : C — > C 2 is polynomial and primitive. 

2.43. Remark. In [BZIII] we introduce (following Orevkov) a so-called rough 
M- number M z of a cuspidal singular point P of the curve C. When the curve has 
the form (2.4) and n is the multiplicity of P = (0,0), i.e. the degree of the first 
nonzero term of the Taylor expansion at P of the polynomial defining C, then M p 
equals the external codimension of the singularity extvp. Otherwise Mp < extvp, 
but the difference is well controlled. 

We prove in [BZIII] the following bounds: 

extv lni + M Pi <p+q+r+s+l- K, K = min ([q/p], [s/r]) 
for Types (+) and (~+), 

extv- mf + J2m Pi <p + q- \r\+s + 2-K+[(\r\ - l)/s] 
for Type (~) and 

extv mi + M Pi < V ~ kl - \r\ + a + 3 + [(\r\ - l)/a] + [(\q\ - l)/p] 
for Type (~). 

2. IV. Handsomeness. The division of annuli into the four types in (2.35) is 
not completely precise. It depends on the choice of the reducing automorphism of 
C 2 . For example, if x = t 2 + . . . + t~ 3 , y = t 6 + . . . + t~ 4 is of Type (+) then the 
change y — >y — x 3 = t^ + . . . + 1~ 9 may give a curve of Type (^) or of Type (7^) or 
of Type (~) . In order to avoid this ambiguity we introduce the notion of handsome 
curve, which also will turn out useful in estimates in the further sections. 

2.43. Definition. A curve £ (of one of the four types in (2.35)) is called non- 
handsome if either 

• ^ G Z and r < p for Type , or 

• £ G Z and s < q or ^ € Z and p < r for Type (^t) , or 

• I e Z and s < q for Type (~) . 
Otherwise the curve is handsome. 

2.44. Proposition. Any non-handsome curve can be transformed using a Cre- 
mona automorphism and/or the change t — > 1/t to a handsome curve (of one of 
the types in (2.35)). 

Proof. 1. Suppose firstly that a curve of Type (7^) is non-handsome. Assume 
that I is integer and s < q = p'; the case of ^ integer and p < r — r' is treated 
analogously. We have x = t Piq + . . . + atr r , y = t q + . . . + bt~ s . We apply the 
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changes x — > x— const-?/ as many times as possible (in order to diminish degx). 
We obtain x = + . . . + ct- piS , y = t q + . . . + bt~ s , where either (i) 1 < p/q (/ Z, 
or (ii) p < 0, or (iii) < p/q < 1. 

In the case (i) we have Type (^) (after swapping x with y) with the exponents 
p = q, f = s, q = p, s = pis. It would be non-handsome only when f > p, i.e. s > q 
(here t — > 1/i); but we have assumed reverse inequality. 

In the case (ii) we get a curve of Type (~) with p = p\s, r = p, q = s, s = q. 
Here p' — s < s = p' (by assumption) and the curve is handsome. 

In the case (iii) we get a curve of Type (7^)> with exponents like in the case (i). 
It would be non- handsome if either r > p (it is not the case), or s/f = q/p € Z 
and f = p > q = s. This is the same situation we started with, but now q < q and 
s > s. Repeating the above reduction process several times we must arrive to one 
of the cases (i), (ii) or (iii) with q < s (handsomeness). 

2. Suppose that we have a non-handsome curve of Type (~), i.e. | is integer 
and s < q (of course, also r < 0). Then after application of transformations like in 
the point 1 we get a curve like in the point 1 and with the same three possibilities. 
The further proof is also the same. 

3. Suppose that wc have a non-handsome curve of Type . Thus ^ is integer 
andp = p' > r : x = t p + . . . + at~ r , y = t qiP + . . .+bt~ s (where f < qi). The changes 
V — * y+const-x' reduce it to the form x = t p + . . . + at~ r , y = IP + . . . + ct~ qir . We 
have three possibilities: (i) 1 < q/p £ Z, (ii) q < 0, (iii) < q/p < 1. 

In the case (i) we get a curve of Type which would be non-handsome iff 
r > p (it is not the case). 

In the case (ii) we get a curve of Type (~) with p — qir, r = q < 0, q = r, s = p. 
It would be non-handsome iff q = r > s = p, but it is not the case. 

In the case (iii) we get a curve of Type (~+) and further proof runs along the 
lines of the point 1. □ 



2.46. Remark. Assuming that a curve is handsome we can try to apply changes 
like in the proof of the latter proposition. It turns out that either the transformed 
curve falls out of the list in (2.35) or becomes non-handsome. To be correct, this 
statement does not apply to the cases | = £ e Z and ^ = ^ e Z. In this sense the 
list of the four types (^) , (~+) , (~) and (~) of handsome curves is complete and 
unique. 

On the other hand, the handsome curves are such that the codimension of their 
degenerations at infinity are smallest possible. 

It is a good place to say why all the curves from the list in Main Theorem 
are pairwise different. The division into the four types of handsome curves is 
a preliminary classification; essentially it is a classification with respect to the 
leading terms of the expansions of the curves as t — > oo and as t — > 0. The further 
classification within a fixed type follows from different types of finite singularities 
and/or from different details of the expansions at t — oo and at t = 0. 

In the below proofs we concentrate on detection of the cases of embedding of C* 
omitting the details of the analysis which cases are really different. 
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2.V. Scheme of the proof. We introduce the quantity 

N 

(2.47) £ = n^Vov + n z/ + njVj, if ps ^ rq, 

3=1 

or 

(2.48) £ = n inf (v in{ + 1) + nji/j, if ps = rq. 

3=1 

It should satisfy the inequality 

(2.49) 2<5 max < £ 

(by (2.16), (2.21), (2.30) and (2.31)). We shall strive to detect the cases when the 
inequality (2.48) holds true. We shall use the reserve 

A := 2<5 max £ . 

If A > 0, then the curve £ is not an embedding. 

If A = 0, and cannot be negative, then we say that the case is strict: it means 
that all inequalities leading to A < must be equalities. For instance, /i = nv for 
all finite singular points. 

In estimation of £ from the above we use some natural restrictions. For example, 
in Type (^) with ps ^ rq we have 

( cy - n x EjLi K - 1) < V + r, nj<p + r, 

Voo + v Q + 2^3=1 v i + l^( n j - 2) < cr. 

Like in [BZI] one shows that the maximum of £ is achieved in the case when only 
one singular point is not a standard cusp. (The analysis is slightly different for 
Type (~), where the double points hide rather at infinity.) 

Next, after detecting some genuine cases of C*-embeddings, one arrives to the 
situation with only one singular point, which can be put at t\ = 1. Moreover, the 
x-order n = n\ of this point can equal p + r — 1 orp + r. Here, in order to get more 
precise estimate of 2Si one has to consider curves of the form 

(2.51) <p = (t - l) n P{t)t~ r , ^ = (t-l) m Q(t)t- s 

(e.g. of Type (^)). Here the bound (2.23) is used, 25\ < /J m ; n + nV. But the sum 
of codimensions v' + i/q + cannot be estimated directly by the dimension of the 
space of curves of the form (2.51), i.e. by degP + degQ — k, where k counts the 
changes y — ► y+const-a;' preserving (2.51). 

2.52. Proposition. Assume that a non-primitive curve, which satisfies the reg- 
ularity condition (2.4-1), has the form (2.51) with singular points t\ — l,t 2 , ■ ■ ■ , tjv- 
Then we have 

^inf + v' + extv2 + . . . + extv N < degP + deg Q — k + [(to — l)/n], 

where k is the same as in (2.36) and [•] denotes the integer part. 

Proof. (This proof repeats the proof of Lemma 3.9 from [BZI].) We consider 
curves of the type (2. 51). They are defined by vanishing of the first m — 1 Puiseux 
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coefficients c{ 1] , . . . , C^ 1; where [2^1] of them are essential (with the lower in- 
dices being multiples of n) . Therefore 

vi = [(m - l)/n] + v[, 

where v>[ is the codimension in the space of curves (2.51). 
Now the proposition follows from the inequality (2.41). □ 

3. Annuli of Type (~) 

We begin the proof of Main Theorem with the type (~) , because many situations 
with curves of other types are reduced to Type (~). 
Recall that we deal with curves of the form 

^ = t p + ... + a p _\ r \t^, V = *" kl +.-- + b s -\ ql t- s , 
where we additionally assume that (see (2.35)) 
(3.1) p-\r\<s-\q\. 
The further analysis is divided into four cases: 

p — \r\ = 0, p — \r\ = 1, p — \r\ =2, p — \r\ > 3. 

3.1. The case p = \r\ . Therefore <p = t p , p > 0. The following lemma can be 
also found in [Ka] (with a slightly different formulation). 

3.2. Lemma. Any annulus of the form x — t p , y — ip(t), where ip — b t q + 
bif" 1 + . . . + b q+s t~ s , can be reduced to x — t p , y = t d + r yit~ p + . . . + "/it~ lp , where 
gcd(p,d) = 1. It is item (a) of Main Theorem, where d can be either positive or 
negative. 

Proof. If p = 1 then ip can be reduced to a polynomial of 1/t. 

Let p > 1. The double point equations <p(t') — ip(t), tp(t') — ip(t) cannot have 
solutions t\t e C*. Since t' = (t, ( ^ 1 a root of unity of degree p, we get the 
equation 

6 (C - i)* 9 + hiC'- 1 - l)**- 1 + . . . + b q+s (c s - i)r s = o. 

For each ( the monomial in the left-hand side can contain at most one monomial. 
If all these monomials vanished, then tp would depend on t p and the curve would be 
multiply covered. Therefore only one monomial bdt d is such that ( d ^ 1 for all (, 
all other monomials in ip are powers of t p . The positive powers of t p can be killed, 
but the negative powers of t p remain. □ 

3.II. The case p = \r\ + 1. By rescaling t we can assume 

(3.3) </>=(t-l)il r l, ip = Q(l/t) 

for a polynomial Q of degree s and ord t= o<5 = \q\ < s — 1- 
The following constructions are important. 

3.4. Definition. Suppose that we have a C*-embedding ^ = ( f,ip) such that 
(3.5) <p= (t-t 1 ) n t~ r , n = p + r. 

Then the curve 



(3.6) 



1= {<p,i>) ■= {<p,vi>), 
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is said to be obtained from £ by the tower transformation. 

We have also analogous tower transformation ((p,ip) — > ((pip,ip) when ^ = 
(i — ii) m i~ s , but we shall mainly use the transformation (3.6). 

In the case of curves of the form (3.3), i.e. with n = 1 and |r| > 0, wc define the 
reverse tower transformation 

(3.7) T : £ - i = := (p, [</>(*) - ^i)] M*)). 

Of course, the tower transformation and the reverse tower transformation can 
be regarded as the standard blowing down and blowing up constructions from the 
projective algebraic geometry. 

The following result does not require proof. 

3.8. Lemma, (a) If £ is a C* -embedding, then £ and £ are also C* -embedding s. 

(b) T is the right inverse transformation to the map 

T- 1 : ( V ,V) -» {<p,<f»l> + K) 

(where K is a constant), which is equivalent to £ — > £. If q > 0, then the constant 
K is not defined uniquely; but when q < and ^ does not have pole at t = oo, 
t/ien we puf 

K = -(<rt) (oo). 

(c) If n = 2 and \r\ = 1, iften ip + l/4= (t — 1/2) 2 and we can appZy another 
'tower transformation', which takes the form 

(3.9) (V.V')- (¥>,(¥>+ 1/4) V) 

ami which is not equivalent to £. 

Let us return to annuli of the form (3.3). We shall apply to them the tower 
transformations and the reverse tower transformations. However Lemma 3.8(c) 
shows that the case with \r\ = 1 should be treated separately. 

3.10. Lemma. Any annulus of Type (~) or (~) with ip = t(t — 1) is equivalent 
to an annulus obtained from tp = (t — ^) by applying: 

• m times the operation (3.9), m = 0, 1, 2, . . . , and 

• s times the reverse tower transformation (3.7), s = 1,2, . . . . 

This gives the series (b) of Main Theorem. 

Proof. The function ip(t) has pole at t = of order s > 0. We apply the tower 
transformation (3.6) several times, just to reduce the pole at t = : if> — > tpi = tpip s . 
The polynomial curve (ip, tpi) does not have double points. Like in Lemma 3.2 we 
find that tpi =const-(£ — l/2) 2m+1 + (polynomial in ip) for some m > 0. After a 
normalization wc can assume that Vi = "02 + i(^), where ip 2 = {t - l/2) 2m+1 and 
L is a polynomial of degree < s. 

We see that ^2 = (v+ l/4)" l V'o. Application of the reverse transformation equa- 
tion tpi — > ^ = tpi /ip s is the same as application of the reverse tower transformation 
(3.7) to ip2- Hence we obtain the series (b) of Main Theorem. 

Note that application of T to £ with ip = t — 1/2 gives tp = 1/t and to £ with 
ip = 1/t gives ip = —l/t 2 ; these two cases are included into the series (a) of Main 
Theorem. Next, application of T to £ with ip = (t— 1/2) 3 gives ip = t+ it _1 +const, 
which belongs to the series (j) of Main Theorem. □ 
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Assume now that 

\r\ > 2. 

By applying iterations of the reverse tower transformation to one annulus we obtain 
a series of annuli. Therefore our task is to determine the initial term of any such 
series. 

By Lemma 3.8(b) application of T _1 gives a curve of Type (~), and T _1 is 
uniquely defined here, only when ((pip) (t) is a polynomial in 1/t, i.e. when p — \q\ < 
0. Note, however, that the curve T -1 £ may not satisfy the property (3.1). Anyway, 
we have to consider the following two possibilities for the initial curve of such a 
series: 

A. \q\ = s, B. | 9 | <p, \q\ < s. 

Case A. Lemma 3.2 implies that either p = Is or |r| = Is. These two possibilities 
lead to two series (<p, ipj) defined by ipo(t) = t~ s , ipj + i(t) = [ipj(t) — ipj(l)] /<p{t). 

3.11. Lemma. In this way we obtain items (c) and (d) of Main Theorem. 

Case B. We need some estimates. We treat separately three possibilities: 

B.l. p'>r',2; B.2. r' > 2,p'; B.3. p' = r' = 1< n = 2. 

Note that n = 2 is the maximal x-order of eventual (unique) singular point at 
t\ = (p — l)/p and p' = gcd(p, q), r' = gcd(r, s). 

B.l. Accordingly to Subsection 2. Ill we have 2^00 + 2<5o + 28t 1 < £ = "00^00, 
where n x = p' and v 00 = o = dim Curv = s—\q\ (see (2.41)). Here 2S 00 + 25o + 2S tl 
should equal 2c5 max = • (s - \q\ - 1) - (p' + r' - 1) + [ps - \r\\q\) = p(s - \q\) + 
\q\ — p' — r' + 1 (see (2.11)). Hence the reserve 

(3.12) A = 2<5 max - £ 

should be non-positive (compare Subsection 2. IV). But we have 

A = (p-p')(s-\q\)-r' + (\q\-p') + l. 

Since p' = gcd(p, \q\) and \q\ < p, we have p — p' > p'. Since also p' > r', we find 
A > (p' — r') + (\q\ — p') + 1 > 0. So this case is not realized. 

B.2. We perform analogous calculations as in the point B.l and we get £ = 
n^VQ = r'(s — \q\) and 

A = (|r| - r') (s - \q\) + (s - \r'\) + 1 - p' . 

In order that A < it should be 

\r\ = r = s, 

but the case is not strict (i.e. we can get A < 0, see Subsection 2. IV). We have 
ip = t s (-l + t), V = t- s (b + ht+ ... + b s _ M t s -^). Therefore the curve t -> 
(x,y) = (Lp(t),Lp(t)ip(t)) is a polynomial curve without self-intersections. After the 
change y — > y + b we get the curve 

(3.13) x = t s (t-l), y = t d Q{t), d>l, 

where the polynomial Q is of degree e and satisfies Q(0) ^ 0. Moreover, degy = 
d + e = s + 1 — \q\ < degx. 
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Here d = ordt=oy should be > 1 when isq > 1 (this must occur when r' > ni = 2). 
But when r' = 2 the double points may hide themselves at the unique singular point 
t\ = s/(s + 1). We have then two possibilities: 

(i) d > 1; (ii) d=l. 

Subcase (i) . 

3.14. Lemma. If d > 1, i/ierc Q(t) =const m (3.13). This implies that either 
ip = t (t — 1) or cp = t (t — 1) and i/ie reverse tower transformations produce 
the series (e) and (f) respectively of Main Theorem. 

Proof. Since the curve (3.13) is contractible and singular, we can use the 
Zaidenbcrg Lin theorem [ZaLi] . It says that there exists a composition of ele- 
mentary transformations reducing (3.13) to a quasi-homogeneous curve (at u ,fit v ), 
gcd(u, v) = 1. Moreover, if u = degf and v = degip are relatively prime then the 
reduction to the quasi-homogeneous curve uses only only translations and elemen- 
tary transformations which do not change the degrees of ip and ip. 

It implies that for gcd(p, d+ e) = 1, p = s + 1, the curve is quasi-homogeneous. 
Therefore we must consider the case 

p = l(d + e). 

Moreover, the (unique) singular point t = has only one characteristic pair. There- 
fore either (a) gcd(s,d) = 1, or (/3) r = md. 

In the case (a) the characteristic pair of the singularity is (s,d). By the Zai- 
denberg-Lin theorem the same is the characteristic pair at t = oo, after applying 
elementary transformations resulting in relatively prime degrees of the components. 
But the first elementary transformation should be x — > x\ = x — M(y) for a 
polynomial M of degree I (and without the constant term). This is not the only 
change. The next one should be of the type y — ► y + N(x); thus degxi < degy < s. 
It follows that the characteristic pair (u,v) , u,v > 1, at t = oo should satisfy 
max(u, v) < max(s, d) — s. So this case does not occur. 

Consider the case (/?). We have 2<5 max = (s - 1) (d+e-1) (sec (2.10) and [BZI]), 
which should equal 2So + 2<5oo- Here 2<5 = Mo < Mo.min + du , M0,min — 
and 2(5qo < (d + e)foo, where vq, Voo are the codimensions at t — 0, oo (see Section 
2. II). The codimensions ^o.oo should be considered as the codimensions in the e- 
dimensional space of curves (3.13). Here one applies an analogue of Proposition 
2.52, which states that v a + < dcgQ — = e — I + m. Of course, the 

maximum of £ — Mo,min + dv + (d + e)u ao is achieved when one puts ^0 = and 
^oo = e — l + m; then £ = s(d — 1) + (d + e) (e — I + m) . We have A = 2<5 max — £ = 
se — e — d + 1 — (d + e) (e — I + m) . 

Putting s = p — 1 = l(d + e) — 1 we get 

A = (d + e) (le - e + 1 - m) - d - 2e + 1. 

Since m=|=/ + e^ — ^, Z, ci > 2, the quantity 

A := le - e + 1 - m = e (I - l/d - 1) + \jd 

is positive. If A > 1, then evidently A > 0. But A = 1 implies le = (m — Z) + e + 1. 
Here s = l(d + e) — 1 = md gives le — (to — Z)d + 1, what yields (to — l){d — 1) = e. 
Moreover, to — Z and e are relatively prime, hence a contradiction. □ 
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Subcase (ii). Here v§ = 0. Because A|i r i =s=r / = 1 — p' may be strictly negative 
(the case is not strict), we must check possibilities of hiding at t = oo and at the 
singular point t\. Recall that r' > p' , 2. 

3.15. Lemma. The possibility d = 1 in (3.13) occurs only in three cases (after 
normalizations): 

Lp = t 2 (t-l), ip = 3^ -t~ 2 ; 
tp = t 3 (t — 1), ip = 2r 2 -t~ 3 ; 
tp = t 3 (t-l), ip = 2t~ 2 +t~ 3 . 

In the first two cases the (unique) double point becomes hidden at the singularity t\; 
in the third case the double point becomes hidden at t = oo. These cases generate 
the series (g), (h) and (i) of Main Theorem. 

Proof. Assume that the double points are hidden at ii; so n\ = 2 > p'. Then 
2S tl =£ = 2(s - \q\) = 2(p - \q\ - 1), 2(5 max = s(p - \q\ - 1) - p' + 1 (recall that 
\r\ = r' = s) and 

A = (a-2)(p-| 9 |-l) + l-j/. 

If s = 2, then p = 3, \q\ = 1, p' = 1 and we have the first of our cases. 

Since p— \q\ — 1 >p' — l, the other possibility is s = 3. Then A = p— \q\ —p' = 0, 
where p — 4 and \q\ < 2. Thus p' = \q\ = 2 and we get the second case from the 
lemma. 

Let the double points be hidden at t = oo. So p' > 2. Then 25^ < p' (s — \q\) = 
P'(P- \q\ - 1) and 

A = (s-p')(p-\q\-l) + l-p'. 

It follows that s = p' + 1 and A = p - \q\ - p' = 0. Thus p = s + l=p' + 2 and 
\q\ = 2, what implies p' = 2, p = 4, \r\ = s = 3. This is the third of the cases from 
the lemma. 

Finally we note that the polynomial curve (ip, (pip) can be reduced either to a 
quasi-homogeneous curve (in the first two cases) or a straight line (in the third 
case). □ 

Now Subcase B.2 is complete. 

B.3. Recall that we have p' = r' = 1 and the double points are hidden at t\ 
with m = 2. Here E = 2 (s - \q\) and A = (|r| - 2) (s - \q\) + s - 1 > (as \r\ > 2 
and s > \q\ > 1). There are no such annuli. 

3.III. The case p > \r\ + 2. Denote K = p — \r\ , L = s — \q\ . Thus 2 < K < L. 
Here a — dim Curv = K + L — 1 . 
We distinguish two subcases: 

A. max(p',r') > maxn^; B. n = maxn^ > p',r'. 

Case A. Assume that p' is dominating, p' > r',nj. Then £ is maximal when 
all the double points are hidden at t = oo, i.e. £ = p'(K + L — 1). We have 
2<W = (K — 1)(L - 1) + [p(\q\ +L)-(p-K) \q\] -p'-r' + l and 

(3.16) A = [K \q\ + Lp-(K + L)p'] + (KL — K — L + 2) — r' . 
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The necessary condition for A < is 

P= \q\ =p' 

(then the first term above vanishes). 

Note now that K + L = s— \r\ is divisible by r'. Therefore r' < K + L and (3.16) 
yields 

A > (K-2)(L-2) - 2. 
It is positive when K, L > 4 or when K = 3, L > 5. We are left with the cases 

(3.17) K = 2 < L and K = 3, L = 3,4. 
For r' dominating we get 

(3.18) A = [Ks + L \q\ -(K + L)r'\ + {KL - K — L + 2) — p', 
the necessary condition 

s = \r\ = r' 

and the same possibilities (3.17). 

Let us stick to the case p = \q\ — p' > r'. The quantity s — \r\ = K + L can be 
equal r' or 2r' or can be greater. But if K + L = 2r' , then A > (K - \){L - §) - \ 
and the only possibility is K = L = 2. We see also that K + L < 2r' . 

We distinguish three possibilities: 

A.l. p = \q\, r' = 2, K = L = 2; 
A.2. p = \q\, K + L = r'\ 
A.3. s = \r\, K + L=p'. 
(Due to the possible change x < — > y, t — > 1/twe can assume p' > r' when K = L). 

A.l. Here a = 3 and 2(5 max = £ = 3p. After some rescalings we have 

ip = t p (i + at- 1 + 1- 2 ), i) = t~ p (i + M" 1 + b 2 r 2 ), 

and 

(3.19) <^ = l+7i*" 1 + --- + 74*" 4 . 

We shall calculate the number 2^00 more carefully. Note that the coefficients jj in 
(3.19) determine the Puiseux quantities at t = 00, e.g. c[°°^ =71 = a + b\. 

3.20. Lemma. If 71 = 72 = 73 = 0, i.e. (pip = 1 + 74^~ 4 7 then we obtain item 
(s ) from Main Theorem. 

Proof. If p were odd the equations <p(t') — f(t), t' = —t, would have a nontrivial 
solution (which would give a solution to £(t') = Let p be even. If a = then 

also b\ = and the curve is non-primitive (depends on t 2 ). So let a = —b\ 7^ (and 
p even) . 

Each equation f(it) = ip{t) and tl>(it) = ip(t), i.e. for t' = it, has exactly 
one nontrivial solution t\ and ti respectively. We must find the cases when these 
solutions are different, i.e. t\ 7^ ti. It can occur only when ip(ti) = or when 
V'(^) = 0. Indeed, only in this case the condition <pip{t') = <pi/)(t) may not imply 

£(f )=£(*)■ 

But this means that the polynomials 1+ at 1 +t 2 and l+b\t 1 +b 2 t 2 have pairs 
of solutions ti, iti and t 2 , it 2 respectively. Now it is clear that these polynomials 
are 1 ± V^t' 1 +tr 2 . □ 
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The next possibility is 71 = 7^ 72. Here we use the estimate given in Lemma 
2.32(c): 

(3.21) 26^ < (2 - l)(p - 1) + (2 - 1) + 2i4 = p + 2*4,; 

here 2 = p" = gcd(p, 2) and = z^x, — 1 is the 'restricted' codimension of the 
degeneracy at t = 00. However, we cannot apply (3.21) directly. The reason is that 
the coefficient p" = 2 before v'^ may be smaller than m, which is < 3. So, wc 
should use rather the estimate 

(3.22) 2S oo + 25 + J2^ l <p + 3-2. 

But the latter is < 25 max — 3p (for p > 4) . 

Therefore there remains the possibility 71 = 72 = 7^ 73. An analogous to (3.21) 
estimate gives 25^ < (3 — l)(p — 1) + (p" — 1) + p'V' ;) , where p" = gcd(p, 3) = 1 or 
= 3. Similarly as in (3.22) wc get 25^ + 25 + 25 { < 2p + 3 < 2<5 max . 

It follows that there are no embedded annuli in the case A.l. 

A.2. Recall that p = \q\ and K + L = s-\r\ = r' . Then a = K + L-l = r' -1. 
We have 

(3.23) <p = t p (l + a 1 t- 1 + ... + a K t- K ), V = *~ p (l + h^ 1 + ■ ■ ■ + b L r L ) 
and 

(3.24) <f»/>= 1 + -ar 1 + . . . + lr ,t- r ' . 

If 7l = . . . = 7 r ,_x = 0, then 2^ = (r' - l)(p - 1) + (p" - 1), where p" = 
gcd(p,r') = gcd^JT + L) < if (asp = Inlr' + A^). Since 2<5 max = (r' - l)p + 
KL-2K -2L + 2, we get 

(3.25) A> KL-2K - L + 2 = (K - l)(L-2). 

So we find K = L = 2. But this means that = 1 + 74^~ 4 and this possibility 
was considered in the point A.l. 

Suppose that 71 = . . . = 7^1 = 7^ 7;, Z < r'. Then 2(5^ < (I - l)(p - 1) + (p" - 
1) +p"i/ c , where p" = gcd(p, I) and ^ = — (I — 1). Since p" < r' , the other 
double points are hidden at t = and 2S + 25 ^ < (I - 1 ) (p - 1 ) + (p" -l)+r'{r' -I), 
which is maximal for I = r' — 1 and is bounded by 

£ = (K + L - 2)p + K + L - e, 

e = (r' - 1) - p" > 0. Thus, with p > 2K + L, we have 

(3.26) A > p + KL - 3K - 3L + 2 + e > {K - 2){L - 1) + e. 

Therefore the case is strict and it should be K = 2, p = 2K + L = 4 + L and e = 0. 
The latter implies that p is a multiple of r' — 1 = L + 1. It follows that L = 2, p = 6, 
r' = \r\ = 4, s = 8. Moreover, 71 = 72 = and in (3.24) and the first Puiseux 
quantity at t = vanishes. 

3.27. Lemma. After normalizations we have tp = t 4 (t 2 + t + |), ip = t~ 8 (t 2 — 
t+ 3) m (3.23). It is the exceptional case (t) of Main Theorem. 

Proof. We know that 71 = ai+b± = and 72 = a 2 +b 2 — a\ = 0, thus 62 = a\ — a 2 . 
Next, </? 2 V> = ajb 2 + c[ a) t+. . . , where c[ 0) = 2aia 2 b 2 + a 2 2 b l = aia 2 {2a\ - 3a 2 ) = 0. 
Putting ai = 1 (normalization), we easily find the other constants. □ 
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Therefore for p' dominating we have detected only two annuli. 

A. 3. If r' is dominating, then we obtain formulas analogous as above. Equation 
(3.24) is replaced by (pip = -f + lit + . . . + i p d p ' , p' = K + L. 

If 7i - • • • - 7 P '-i - 0, then 25 = {jp 1 - \){s - 1) + (s" - 1), s" = gcd(s,p') = 
gcd(L, K + L) < L (and s" = L only when K = L). Instead of (3.25) we get 
A > (K - 2){L - 1) + e, where e = for K = L and e > otherwise. So 
K = L = 2, but this case is eliminated in the same fashion as for p' > r'. The 
inequality (3.26) is replaced with A > (K - 1)(L - 2) + e, e = (p' - 1) - s". Again 
we get K = L = 2. 

Case B. When n = n\ dominates overp', r', then £ = n(<r+2— n), a = K+L — l. 
Since K < L we put n = K + 1 (i.e. maximal possible) and we get £ = (K + 1)L. 
Therefore 

A > (p-2)L+(\q\ -l)K-p' -r' + 2 

> (\r\L - r') + [(2(\q\ - 1) - p' + 2] > p' + r' > 0. 
Curves of Type (~) have been investigated completely. □ 

4. Annuli of Type (~) 
Recall that here — p < r < < q, s and ^ ^ Z. It implies that pi > 2 and 

(4.1) d = dim Curv = p — \r\ + q + s — 2 — k, k = [q/p\. 

If p = \r\ , i.e. (p = t p , then we apply Lemma 3.2. Therefore in the sequel we 
assume 

p>\r\ + 1. 

4.1. When double points escape to infinity. In this subsection we assume 
that either — p' or n = r' is dominating over the orders rn of eventual singular 
points. We shall show that this cannot occur. 

The cases 

A. p'>r',ni\ B. r' > p', rij and r ^ p 
are treated separately. 

Case A. Since p' is dominating, we estimate 25^ + by 

(4.2) £ =p'a = (p'f ( Pl + qi )+p'(s -\r\-2- k). 
We have also 

(4.3) 2S max = {p'fpiqi -ip + q) + {\r\ - s - \r\ s) + 2ps - (p' + r') + 2. 
We see then that the coefficient before (p') 2 in A equals 

(Pi - l)(«i - 1) - I- 

In general it is > 0, but for q x = 1 it equals —1 (recall that p\ > 1). Wc distinguish 
then two subcases: 

A.l. p/q G Z; A.2. p 1 ,q 1 > 1. 
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A.l. This is the first place, where we use the handsomeness property (see 
Definition 2.44 and Proposition 2.45), which states that 

s >p'. 

Of course, k = [^] = 0. So we get 

A = - (p'f + 2ps - p'(pi + s - |r|) - \r\ s + \r\ - s - r' + 2. 

This expression is increasing in s : ^ = (p — \r\ — 1) + (p — p') and p > p' . For 
s = p' we have A = 2 (p'f (p 1 - 1) - p'(p x + 1) + (|r| - r') + 2. Using p' > 2 we find 
A > p'(3pi - 5) + (|r| - r') + 2 > 0. 

A. 2. Let (firstly) 1 < < pi; thus qi > 2, pi > 3 and fc = 0. We rewrite the 
term 2ps in (4.3) in the form p'(pis) + r'(psi). Then we obtain 

(4.4) A = {p' f ( Piqi -pi-qi)+p'(pis-p 1 -q 1 -s + \r\ + l) + r'(p Sl - \r\ Sl - 1) + 2. 

It is increasing in pi and q\ and for pi = 3, q\ — 2 equals A = p'(p' + 2,s + |r| — 
4)+r / [(p-|r|)«i-l] + 2>0. 

Let 1 < pi < qi. Then k > 1 and A in (4.4) is increased by at least p' . So 
analogous estimates give A > 0. 

Case B. Now r' is dominating. Then with £ = r'(p — \r\ + q + s — 2) and 

2<5max = (p - \r\ - l)(q + s - 1) + (psi + q\r\\)r' -p'-r' + lwe have 

A = (p- \r\ - l)(q + s - 1 -r') + [(p - \r\)si + (|n| - l)q>]r' - p' + 1 
> r'si -p' + 1 > r' -p' + 1 > 0. 

4.5. Remark. We can say that infinity is not a safe place for hiding, at least 
for curves of Type (~). In particular, there are no smooth handsome annuli of 
Type (~) . The reader will see that the same property (with the series (r) of Main 
Theorem as the only exception) holds for handsome curves of Types (V) and (7^) • 
On the other hand, annuli of Type (~) can be characterized as those, whose double 
points are hidden at infinity. 

4. II. When double points prefer finite singularities: maxrij > p',r'. Here 
the cases 

A. p — |r| + 1 < q + s; B. q + s < p — \r\ 
are treated separately. 

Case A. Let n = rii be the maximal among the x-orders of the singular points. 
We can assume t\ = 1. We have n > p',r' and 

(4.6) n<p-\r\ + l 

(because <p'(t) can have zero of order < p — |r|). But when there are more singular 
points, then X^i( n « — 1) — P ~~ \ r \ an d n i < P — M (with equality for N = 2, 

«2 = 2). 

Nevertheless, with 26 j < nji/j, 26^ < n oc h i 00 and ^2J^ exti/j = a fixed the 
quantity £ — X)^Lo n i v o 1S maximal when there is one singular point and 

£(n) = n(<r + 2 — n). 
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£{n) achieves this this maximum for n = p — \r\ + 1. Note however that, when 
p — \r\ + l = q + s and k = 0, then £(p — |r| + 1) = £(p — \r\). Anyway the maximal 
value of £ (used in below calculations) is 

£ = (p-\r\ + l)(q + s-l-k), k=[q/p]. 

Therefore, using (2.11), we get 

A = -2(q + s - I) + (ps + \r\q) - (p' + r') + I + k(p - \r\ + I) 

= (|r| - 2)q + (p - 2)(s - 1) + (p - p') + (1 - r') + k(p - \r\ + 1). 

Here p > \r\ + 1, p > 2p' and k > 0. 

If jr| > 2, then A > (s - 1) + p' + (1 - r') = (s - r') + p' > 0. Therefore 

(4.7) \r\ = r' = 1 

and <p(i) can be treated as a general polynomial of degree p. 
Now we write 

p = Pip', q = {kp\ + q 2 )p', 0<q 2 <pi 

and we get 

A = (pi-g 2 -l)p , + (p-2)(a-l). 
In order that A < we should have 

(4.8) q 2 =pi - 1, i.e. q = (fc + l)p-p', 
and one of the two: 

A.l. p = 2; A.2. s = 1. 

Moreover, the both cases are strict. 

A.l. Here we can assume 

(4.9) <p = t(t-l) 

and q = 2k + 1 (i.e. p' = q 2 = 1)- 

But we know the form (4.9) of we have met it in Subsection 3. II. Here we 
can also apply the reverse tower transformation T : ip — > — -0(1)] /ip(t) (see 
Definition 3.4). The resulting curve has smaller q = — ord t=oo -0- After applying T 
several times we fall into Type (~). Then we use Lemma 3.10, which says that our 
annuli belong to the series (b) of Main Theorem. 

Since the case is strict, there is no room for any changes in the above choices. 
Hence we have detected all possible annuli. 

A. 2. Recall that |r| = s = 1. Accordingly to the discussion at the beginning of 
Case A we should consider separately the following possibilities: 

(i) n = p; 

(ii) n = p — 1 when q + s = p — \r\ + 1, i.e. n = q, p = q + 1. 

In the case (i) we can write 

(4.10) p=(i-l) n , <p = (t-l) m Q(t)/t. 

If m > n, then the change (<p, ip) — > (<p,i[)/<p) gives also a C*-embedding, but 
with smaller q. Maybe we fall into Case B: p — |r| + 1 > q + s. 

Let m < n. Since the case is strict, we should have 25\ = \i = nv = /i m j n + n'u', 
where v' = degQ — k (by Proposition 2.52). By Lemma 2.27 it should be m = n', 



26 



MACIEJ BORODZIK AND HENRYK ZOLADEK 



v 1 = and jj, = /i m i n = n(m — 1) < p(p — 2) (as m < p — 1). It is smaller than 
2<S max = (p - 2)g + (p + q) - p' > p 2 - p - p' + 1 (aaq>p-l). Son^p. 

Consider the case (ii). Here ip = (t-l) q (t+a), ip = (t-l) m Q(t)/t, 2<5 max = q 2 + q 
and \i — 25\ < £ = nv = q(q + 1). Since the case is strict, we have /1 = nv = 
/^min + n'v' and this holds in three cases (see Lemma 2.27): (a) m = n' < q, v' = 
(but herc/i = ^ min = q(n'-l) < 2<5 max) ,or (fi) m = q+l (but 11 = (q-l)q < 2<5 max ), 
or finally (7) m = q, i.e. 

<p=(t-l)*(t + a), V = - W + /?)/*• 
Note that for q = 2 there can exist another singular point ti- 

4.11. Lemma. M^e Ziaue g = 2, a = 1, /? = —1/3. This case can be transformed 
to a subcase of the case (p) for k = of Main Theorem. 

Proof. The case ^ can be reduced to the case (f3) by a change ip— const-^j. 
So = and the same change gives ip =const-(f — l) q+2 /t. So n' = 2, v' = 
and ,u = ^ min = (g - l)(q + 1) + (2 - 1) = <? 2 < 2<5 max = q 2 + q (by the strictness). 

Therefore there exists another singular point and q = 2. The condition ip'if^) = 
gives the values of a and /?. We have ip = (t - l) 2 (t + 1), ip = (t - l) 2 (t - i)/t 
and ip — jip = —^(t — l) 4 /t. After the change t — > 1/f we get the pair ((f — l) 4 t -3 , 
(t- l) 2 (t-3)t- 2 ). □ 

Case B. Here q + s < p — \r\. We denote by n (respectively nj) the y-order 
of the singular point t\ = 1 (respectively of tj); respectively v and Vj denote the 
x-codimensions of t\ = 1 and tj. Of course, n > p',r' and fc = [|] = 0. 

4.12. Lemma. It should be 

\r\ = s = r' = 1 

anrf A > 1 — p' . 

Proof. The quantity £ = n(p — |r| + q + s — n) is maximal for n = q + s (no other 
singularities). Thus £ = (q + s) (p — \r\) and 

A = -(p-\r\)-(q + s) + (ps + \r\q)-(p' + r') + 2 

= (p - \r\)(s -l) + (q + s)(\r\ - 1) - (p> - 1) - (r' - 1). 

It is clear that A > for |r| > 1. For \r\ = r' = 1 and s > 1 we get A > p — p' > 
p' > 0. □ 

With |r| = s = 1 we have 
(4.13) 25 max =pq + p-q-p'. 

However the case is not strict, since A = 1 — p' be negative. Therefore we shall 
consider separately the following situations: 

B.l. n = q,v = p\ B.2. n = q, v = p — 1, 1/2 = 1; 

B.3. n = q, v = p — 1, ^ = 1; B.4. n = q + l,v = p — 1. 

The situations B.l, B.2, B.3 will turn out strict, what allows to omit other situations 
(like n < q). 
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B.l. Here £ = pq and 

(4.14) A=p-q-p' = 

(by (4.13)). We see that the case is strict. The Milnor number /j = 2S\ must be 
equal nv = pq as well as ^ m ; n +nV, where n 1 and v' are defined for curves of the 
form 

(4.15) <p=(t-l) m P(t), V=(t -!)"(* + /?) A, » = «. 

From Lemma 2.27 we know that this may occur in two situations: 
(i) m is a multiple of n, (ii) m = dn + n' and 

In the case (i) we have either m = n = q, or m = p = 2q (due to (4.14)). 

If m = q, then we take ip— const-0 = (t — l) q+l P(t)/t, degP = p 1 + 1 — 1. It gives 
M < {q-l)(q + l-l) + (p"-l)+p"(p' + l-l), where p" = gcd(q,l) < I. The latter 
expression is non-decreasing in I for / < p' = p — q. For / = p' we get p" = p' and 
V <pq- (p + q - V) < = 2<5 max . For l=p' + lwe have p, — (q - l)p < 2(5 max . 

If m = 2q = p, then from (4.15) we find that the first Puiseux constant — 
-0/(/3 + 1) ^ and /x = (p - l)(q - 1) + (q - 1) < pg. 

In the case (ii) with d = 0, we have n' — m and /x = /U m j n = g(m — 1) < pg. If 
d > 1, i.e. m = dq + n' < p, then ^ = /j m i n = g(dg + n' — 2) < pq. 

B.2. Here £ = q(p - 1) + 2 and 

A = p - // - 2. 

Since p > q + 2 (case B) and n = q > 2, we get p — 4, g = p' = 2, ^ = 3 and v 2 = 1. 
The case is strict and we should have fj, = q(p — 1). We can assume the form (4.15) 
with m > 2. 

The case m = p = 4 was discussed in the point B.l. The assumption m = 3 
yields /x = 2 < g(p — 1). 

Therefore, with r = f — 1, we can assume 

(4.16) ip = r 2 (l + ar + /3r 2 ), ^ = r 2 i±^ = t 2 + ( 7 - l)r 3 - ( 7 - l)r 4 + . . . 

1 + T 

This curve should have vanishing two essential Puiseux quantities at t — and an 
additional singularity. Computation of and gives 

(4.17) a = 7-1, /3=l/2- 7 . 

Now ^' = tM(t), ip' = tN(t)(1 + t)- 2 , where M = 2+ (3 7 — 3)r + (2 - 4 7 )r 2 
and TV = 2 + (3 7 — 1)t — 2 7 r 2 . The singular point t 2 is determined by the nonzero 
zero of the polynomial M — N, i.e. t-i — 1 _ 3 . But the condition M(t2) = implies 
7 = 1. It gives a contradiction (see (4.16)). 

B.3. Here £ = q(p - 1) + p', p' > 2 and 

A = p - 2p'. 

So p = 2p' (the case is strict) and n = q = p', what contradicts the assumption 
n > p'. 

B.4. Here 

ip= (t-l) m P(t), ii={t-l) n /t, n = q+l. 
We distinguish two possibilities: 



28 



MACIEJ BORODZIK AND HENRYK ZOLADEK 



(i)« = l, (ii)?>2. 

(i) We make the change ip ip + 2 = t + l/t. 

4.18. Lemma. If ip = t+l/t, then ip(t) is a polynomial uniquely defined by the 
condition 

(4.19) <p(t) - <p(\/t) = {t- l) 2l+1 {t + ifu+i t -l+u+^ 

i. e. we have the series (j) of Main Theorem. 

Proof. The condition ip(t') — ip(t) (for a double point) reads as t' = 1/t. On 
the other hand, the only possible singular points are t = ±1. Therefore the only 
solutions to the equation <p(t) = (f(l/t) are t = 1 and t = — 1. From this the 
condition (4.19) follows. 

Let P — t~i = (t — l/t)Pj-i(ijj), where Pi are suitable Chebyshev polynomials 
of degree i. With ip = J2^=i a j^ the condition (4.19) reads as a jPj-i(' l P) = 
(ip — 2) l (ip + 2) u . Since the Chebyshev polynomials form a basis in the space of 
polynomials of degree < p — 1, we find that the latter equation for a\,. . . ,a p has 
unique solution for fixed I and u. □ 

(ii) n > 3. If m > n in (p = (t - l) m P(t), ip = (t - l) n /t, the the change 
(ip, tp) — > (tp/ip, "0) diminishes p = deg ip; here we may fall into the case A (p < q+2), 
but we are not afraid of it. 

Let m < n. We use the estimate 25\ < £ — ran — ra — n + n'(degP + 1), 
degP = p—m (for n' > 1). The quantity £ = £ (m) becomes maximal for m = n—n', 
i.e. £ = n 2 — nn! — 2n + n'(p — n + n' + 2). Now, for A we fix n, n' and vary p; 
we should take it minimal p = n + 1. Then £ = n 2 — nn 1 + («') — 2n + 3n', 
2<5 max = n 2 + 1 - p' and 

9 2 

9 n n n n 

A = nn' - (n'y + 2n-3n' + l-p'>— + - + l-p'>— -- + 2>0 

as p' < q = n — 1. 

4.20. Remark. We could use the same arguments as in the point (ii) for n = 2. 
Then we would arrive to the situation with m = 1, i.e. without singularity at t = 1. 
But the point t = — 1 may be singular. 

Annuli of Type (~) are complete. □ 

5. Annuli of Type (+) 

These are most frequent annuli in the list in Main Theorem. 
Recall that here 

< p < q, < r < s, min (q/p, s/r) £ Z, p' > r' 

(note that then (p, r) ^ (1,1) and p + r > 3) and 

(5.1) a = dimCurv = p + r + q + s — 3 — k, k = min ([q/p], [s/r]) . 

5.1. Annuli with ps ^ rq. We begin with the case p' > rii (x-orders of singular 
points); recall that p 1 > no = r' (see 2.35). 
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5.2. Lemma. There are no annuli with p' > rii. 

Proof. The quantity £ = p'v^ + J2iLo niVi 1S maximal when Voo = a and 
Vi = for i > 0. Thus £ = {p'f ( Pl + qi )+p'(r + s - 3 - k), 2<5 max = (p'f PlQl + 
p' \pis + rq 1 + \pis- rqi\ - p t - q 1 - 1] + [(r - l)(s - 1) - (r' - 1)] (where 
|pis + rgi| > r') and hence 
(5.3) 

A > (p') 2 (Pi9i-Pi-<Zi)+p'[(s-l)(pi-l) + (r-l)(<Zi-l) + fc + r'] 

+ [(r-l)( s -l)-(r'-l)]. 

If Pi > 1, i.e. ^ ^ Z, then the term pi<ji — _pi — <7i > 0. The second term in (5.3) 
is > p'(l + r') and the third term is also positive (since s > 1). Therefore A > 0. 

Let P i = 1. The first term in (5.3) is — (p 1 ) 2 ■ But, by the handsomeness property 
(see Definition 2.44 and Proposition 2.45) we have r > p' . Then the second term in 
(5.3) satisfies 

p'[(r - l)( qi - l) + k + r'} >p'[r- 1 + k + r'} > {p'f +p'(k-l + r'). 
We see that here also A > 0. □ 

In the sequel we assume n > p' . The following simple inequality will be often 
used. 

5.4. Lemma. // ps ^ rq 7 then 

(5.5) V := \ps - rq\ - (p' + r') + 1 > 

and equality holds only when p' = 1 or r' = 1, and \piSi — riq\ \ = 1. 

Let us estimate the reserve A when it is minimal possible, i.e. with one singular 
point and no degeneration at infinity. This minimal quantity equals 

A = k(p + r) — 2(q + s) + l + V. 

We see that it may be negative, so the case is rather far from being strict. 

The further analysis is divided into the following cases, depending on the number 
N of singular points: 

A. iV > 3; B. TV = 2, C. N = 1. 

Case A. Assume t\ = 1, t<i, ■ ■ ■ , ijv are the singular points with n = n\ maximal. 
Then the quantity £ — J2 n i^i ^ s maximal when n 2 = ■ ■ ■ = tiw = 2, = . . . = 
u N = 1, n = p+r+2-N &ndv = (p+r+q+s-3-k)-(n-2)-(N-l) = q+s-2-k. 
So£ = (p + r + 2- N)(q + s-2-k) + 2(N - 1) and 

(5.6) A = (k + l)(p + r) + (N — 3)(q + s) — (k + 2)(N — 2) + 1 — 2(JV - 1) + V. 

Here ^ =q + s-k-A> [k(p + r) + 2} - k - 4 > k(p + r - 1) - 2 > 2(k - 1) > 
and the equality holds when p + r = 3, q + s = 5 and k = 1. Next, 

A| JV=3 = (fc + l)(p + r-l)-4 + I>. 

We see that A < only when p + r ~ 3, fc — 1 and V = 0; and the case is strict. 
The only possibility for this is (modulo the change t — > l/t) 

p = 2, r = l, q = 3, 3 = 2, 
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with <T = 4. After moving the corresponding critical values of ip and ip (at t = 1) 
and extracting a const -ip from ip we can assume that 

(5.7) V ={t-lf{t + a)t-\ iP={t-l)\t + (3)r 2 . 

We used the fact that the point t = 1 has greatest y-codimension zv > 2 (see the 
beginning of this point); so the ord t= iV' > 3. 

5.8. Lemma. A curve of the form (5.7) represents a C* -embedding only in the 
following situations: 

• a = 2, (3 = 2 (item (u) of Main Theorem); 

• a = 2(2 ± VE), (3 = a f*+ 2 ] ( ltem ( v ) °f Mam Theorem). 

In the first situation there is only one singularity As and in the second situation 
there are two singularities A4. In particular, there cannot be three singularities. 

Proof. We have p' = (t - l)A(t)t~ 2 , ip' = (t - l) 3 B(t)t~ 3 with 

(5.9) A = 2t 2 + at + a, B = 3t 2 + (2/3 + l)t + 2/3. 

1. Suppose that there are three singular points t\ = l,t 2 ,tz. Then £2,3 should 
be common zeroes of the polynomials A and B. It follows 2 ^ +1 = — , what is 
impossible. 

2. Suppose that there is singularity A 6 at t = 1 and a singularity A 2 at t 2 . With 
the notations r = t — 1, a' = l/(a + 1), (3' = l/(/3 + 1) we have 

aV - t 2 [1 + K - 1)t - (a' - 1)t 2 + K - 1)t 3 + ...], 
10 UJ = t 4 [1 + (/?' - 2)r - {2(3' - 3)r 2 + (3/3' - 4)r 3 + ...]. 

We see that the quantity C^ 1 is proportional to (3' — 2a', so (3' = 2a! and (3 = 2a+l. 
Now A = 2t 2 + (2/3+ (2/3+1) and the difference B - A = i 2 -l; thus t 2 = -1. 
But A(-l) = 2^0. 

3. Assume the singularity A 8 at t = 1. So = 0, i.e. (3' = 2a' and = 0. 
From (5.10) we get 

X := (3'i( - (a'<p) 2 = - (a' f r 6 (l - 2r + . . .) 

and 

(a')" 2 X+(aV) 3 -T 7 (3a'-l) + .... 

Therefore a' = | and /3' = |, what gives a = 2 and /3 = 5. 

4. Assume two singularities A4. One A4 singularity at t = 1 exists. Another 
should be at a point t 2 which we are going to find. 

Consider 

ip t + (3 , , r 1 1 1 2 

t> := — = -77 = (a - p) — + const. 

tp 2 (t + a) 2 y ! 'yt + a 2a -2/3 J 

It follows that t 2 is defined from the equation = 2a (_ 2/3 , i.e. t 2 = a — 2(3. 

Consider the double point equations p(t') = ip(t), v(t') = v(t). Denoting u = 
t' + t, v = tt' we get 

u+(a-2)-a/v = 0, v + (3u + a{2(3 - a) = 0. 

They imply the equation 

-(3u 2 + (a 2 3a/3 + 2(3)u + a{a 2 - 2a(3 - 2a + 4/3 - 1) = 0, 
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whose left-hand side should equal — (3{u — 2a + A(3) 2 (as the double points outside 
t = 1 arc hidden at £2)- So we get the equations 

a 2 - 7a(3 + 8/3 2 + 2/3 = 0, 3a 2 - 10a/3 + 8/3 2 + a = 0. 

From their difference we obtain (3 = a(2a + l)/(3a + 2) and i 2 = a 2 /(3a + 2). 
Now the condition A(£ 2 ) = (see (5.9)) gives 

= -a 3 + la 2 + 12a + 4 = -(a + l)(a 2 - 8a - 4). 

Since we reject the solution a = — 1 (as oxA t =\<p = 2), we find two values a = 
2(2±v/5)- 

In Main Theorem only one value a = 2(2 + is given. In fact, the case with 
a = 2(2 — is equivalent to the previous one. The equivalence is achieved by 
normalizing t 2 to 1 and by renaming t\. We omit these calculations. □ 

Case B: (two singular points). Here we distinguish the subcases: 
B.l. n<p + r-l; B.2. n = p + r. 

B.l. For n = p + r — 1 we have £ = (p + r — l)(q + s — 1 — k) + 2 (see (5.6)) and 

A = k(p + r - 1) - 2 + V. 

We see that k = 1, p + r = 3 and V = (the case is strict). As in Case A we 
conclude that p = 2, r = 1, q = 3, s = 2, ^ = 3. We arrive to the form (5.7) to 
which Lemma 5.8 applies. 

Finally, since the case with n = p + r — 1 is strict, the possibilities with smaller 
n do not occur. 

B.2. We have £ = (p + r)(q + s - 2 - k) + 2 and 

(5.11) A = {k + l){p + r)-(q + s)-l+V, 

where we recall that k = min ([p], ■ Assume that f < | and put 

q = {k + l)p + q 2 , s=(k + l)r-S2, 

where s 2 should be positive. Then A > s 2 — <?2 + (rq2 +p.s 2 ) — p' — r' (see (5.5). 
If g 2 < 0, then from (5.11) we get A > 0. For q 2 > we can write 

A > q 2 (r - 1) + (s 2 - r') + (ps 2 - p')- 

It can be < only if all the above summands vanish; this case is strict. Thus 

S2 = r' = pi = 1. Since r > 1 (as min £ Z), also q 2 = 0. Therefore 

(5.12) q=(k + l)p, s = (k + l)r-l, V = 0. 

(Note that p = 1, r = q = 2, s = 3 satisfies (5.12); modulo the change t — > 1/f it is 
a case studied above.) The range of cases in (5.12) is too big to get some definite 
conclusions. To diminish this set we should study in detail the Milnor number 
p = 2<5i. 
We have 

V ={t-l) n t- r , 4,= (t-i) m Q{t)r\ n = p + r. 

Since the case is strict, it should be p — nv — [i m i n + n'v'. It occurs only in two 
cases: 

(i) m — In and (ii) m = ln + n', v' = 0. 
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If I < k in (i), then we apply the change y — > y— const-a;'. But when Z > k + 1 
we have q + s > (k + l)(p + r), in contradiction to (5.12). 
In the case (ii) Lemma 2.27 gives 

(5.13) /i = /i m in < m(n — 1) — n/2. 

We split this case into three subcases: (a) to < q + s — 2, (/?) m = q + s — 1 and 
(7) m = q + s. 

(a) For m < q + s — 2 the inequality (5.13) yields £ < (q + s — 2)(p + r — 1) — 
\{p + r) +2 and 

A > 3(p + r - 2)/2 > 0. 
(/3) For m = q + s — 1 the same calculations give A> |(p + r — 4). Sop + r<4 
and the case is strict (as A > — | means A > 0). We have then the following 
possibilities: 

• p = 1, r = 2, q = k + 1, s = 2fc + 1, m = 3k + 1; 

• p = 1, r = 3, g = k + 1, s = 3fc + 2, to = 4k + 2; 

• p = r = 2, q = 2k + 2, s = 2k + 1, to = 4fc + 2. 

5.14. Lemma. Among the above possibilities only the first two realize embedded 
annuli of the form: 

• ip = {t-l)H- 2 , iP = {t-lf k+1 {t-A)t- 2k - 1 (item (k) of Mam Theorem); 

• ip= (t-l)H- 3 ,tP = {t-l) 4k+2 {t-3)t- 3k - 2 (item (p) of Mam Theorem). 

Proof. We determine the parameter (3 in ip = (t—l) rn (t+/3)t~ s from the condition 
ip'fa) = 0, where t<i = —r/p is the second zero of (fi'(t). Here we can assume k = 0. 

Therefore ip = (t - l)(t + /?)/* = t + (/? — 1) — /?/*, V' = 1 + and we get 
(3 = —4 in the first case. 

Next, i> = (t - \) 2 {t + (i)/t 2 = t + {fi - 2) + (1 - 2[3)/t + f3/t 2 , ^' = 1 + (2/3 - 
l)/t 2 — 2/3/t 3 and hence [3 = — 3 in the second case. 

Finally, ip = (t - l) 2 (t + 0)/t, ip' = 2t + {(3 - 2) - (3/t 2 and ^'(-1) = -4 ^ in 
the third case. □ 

(7) For m = ij + swe have the following result, which is analogous to Lemma 
4.3 from [BZI]. 

5.15. Lemma. If ip = (t — l) n t~ r , ip = (t — l) m tr s , then we have one of the 
cases (I), (m), (n) of Main Theorem. 

Proof. (This proof is different from the proof of Lemma 4.3 in [BZI].) The 
assumption ps 7^ rq implies that vq = = 0, as can be checked by direct calcu- 
lations, and there is only one singular point t = 1 with 7^ 0. (Note that for 
ps = rq the curve is multiply covered.) Therefore we have the equality fi = 2<5 max , 
i.e. 

(5.16) {p + r- l)(q + s - 1) + (ri - 1) = (p + r - l)(q + s - 1) + V. 

If n' — 1, then I? = 0. By Lemma 5.4 we can assume that p' = 1 andpiSi — q\S\ = 
1. It is item (1) of Main Theorem with r' — > pi, n — > n, s\ — > I, p — > m — pn, 
<7 — > k — pi. 

Let n' > 1 and assume p' > r' . Since r'n'|(ns — mr) and ps — rq = ns — mr, we 
have |ps — rg| > r'n'. Then (5.16) gives n' — 1 < r'n' — p' — r' + 1, i.e. 

(r'-l)(n'-l)>(p'-l). 
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Therefore either (1) n' = 2 and p' = r', or (2) p' = r' = 1 and \ps — rq\ = n! . 

In the case (1) it should be p' = r' = 2 (as gcd(p', r')\n'). We get the series (n) 
of Main Theorem. 

In the case (2) we get the series (m) of Main Theorem with n' — > I. □ 

Case C: (one singular point). Let us divide it into two subcases: 
C.l. rc < p + r - 1, C.2. n = p + r. 

C.l. For n=p + r— lwe have £ = (p + r — l)(q + s — k) and 

(5.17) A = (/c-l)(p + r-l)+X>. 
Therefore it should be 

(5.18) fc = l, V = 

and the case is strict (what allows to omit the cases with n < p + i — 1). It follows 
that /i = nv = /i m in + n'v'. By Lemma 2.27 it holds in two situations: 

• m — ln + n',v'~ 0; 

• m — In. 

In the first case £ — ^i m i n < m(n — 1) — § < (q + s)(p + r — 2) — |(p + r — 1) 
and A > (q + s) - ±(p + r) + ± > 0. 

In the second case it should be I — 2. Indeed, the case I = 1 is reduced via 
y — > y— const-x. Recall that fc = 1 (by (5.18)). For Z > 3 we get q + s > 3(p + 
r — 1) > 2(p + r). But, with ps < rq, we have s < 2r — 1, q > 2p + 1 and 
£> > (p + r) - (p' + r') + 1 > 0. 

Som = 2(p + r — 1) < q + s < 2(p + r). We see that there are two possibilities: 

(i) q + s = 2(p + r)-2, 

(ii) q + s = 2(p + r) - 1. 

Subcase (i): q + s = 2(p + r) — 2. We introduce the notations 

<? = 2p-l + s 2 , s = 2r— 1 — S2, s 2 > 0. 

We have X> = (s 2 + l)p+(s 2 -l)r-(p'+r') + l. If «2 > 1, thcnX> > (contradiction 
with (5.18)); therefore s 2 = or 1. 

Let s 2 = 1. Thus q = 2p = 2p', s = 2r - 2 and X> = p' - r' + 1 = 0. Moreover, 
r' = 2 and hence p' = 1 = p. Therefore we get a curve of the form 

<p=(t- l) r (t + a)t- r , ip = (t- l) 2r t 2 - 2r . 

5.19. Lemma. The above curve always has a self-intersection. 
Proof. The condition c[ 1} = leads to a = 0. □ 

Let s 2 = 0. Thus q = 2p - 1, s = 2r - 1, so p' = r' = 1 and V = |p - r| - 1 = 0. 
We can assume that p = r + 1, i.e. 

p = (t - i) 2r (t + a)t- r , V = (t - if r t x - 2r . 

5.20. Lemma. TTie afecwe curve is a C* -embedding only for a = 1. It is item 
(o) of Main Theorem. 
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Proof. It follows from the condition =0. □ 

Subcase (ii): q + s = 2(p + r) — 1. We put 

q = 2p + s 2 , s = 2r—l — S2, s 2 > 0. 

We have V = s 2 (p + r) — (p' + r') + p + 1 = 0. Therefore s 2 = and we have the 
curve 

<p=(t- l) p+r -\t + a)t- r , V = (t - l) 2 Cp+^-i)(t + (i)t x - 2r , 
where r > 2 (as s > r). 

5.21. Lemma. It should be p = 1, r = 2, a = |, /3 = 2. v4/ter £/ie change 
t — » 1/t it is ifte exceptional case (u) of Main Theorem. 

Proof. Since the case is strict, we should have the equality /x m i n + n'v' = nv, 
where n' = n = p + r — 1 and v' = 2 (there are two parameters). By Lemma 2.26 
either 3|n and cf } = Cf } = or n = 2 and cf } = cf' = 0. 

Let 3\n. With r = i - 1, a' = \{a + 1), f3' = + 1) we have 

«V - r"i±^=T"[l + (a'-r)r + ...], 
(1 + r) r 

/Jty - r 2 "^-^ T =r 2 "[l + (/3'-2r+l)r+(2r-l)(r-/3')r 2 + ...]. 
The condition — gives 

(3' = 2a' - 1. 

Next, (aV) 2 - r 2 ™ [l + (2a' - 2r)r + (2r 2 - 4a'r + {a') 2 )r 2 + . . .1 and cf ' = 

implies a' = 1, i.e. a = (a contradiction). 

So assume that n = 2, i.e. p = 1, r = 2. Then (j3' ip) / (a' (p) 2 - 1 = 
-(a' - l) 2 r 2 (l - 2a'r + . . .) and cf } =const-(2 - 3a'). Thus a' = §, /3' = ±, 
i.e. a = §, /? = 2. □ 

C.2: n = p + r. We have £ = (p + r)(g + s — 1 — fc) and 
(5.22) A = fc(p + r)-(g + s) + l + £>. 

We can also assume that m<(j + sin)/) = (i- l)" l Q(t)t~ s , otherwise we use 
Lemma 5.13. 

Before detecting the cases with A < we establish one useful fact. 

5.23. Lemma. We have q + s < (k + l)(p + r). 

Proof. Suppose the reverse inequality and f < |- Wc put 

q = (k + l)p + q 2 , s=(k + l)r-s 2 , q 2 >s 2 >0. 

Here r > 1 as f £ Z. We get 

A = (r - l)(q 2 - 1) + (p + l)(s 2 - 1) - (p' - 1) - (r' - 1). 

If s 2 > 2, then g 2 > 3 and A > 0; so s 2 = 1. Thus r' = 1 and A = (r - l)(g 2 - 1) - 
(jpf - 1) < iff r = 2 and g 2 = p', i.e. q = (k + l)p + p', r = 2, s = 2fc + 1, and the 
case is strict. 
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By the strictness we should have nv — n-min + n'v' and either to = ln + n', v' = 
or to = In. But in the first case /i < m(n — 1) — § < (<? + s — l)(p + r — 1) — \ (p + r) 
and A > 0. 

In the second case it should be to = (k + l)n (as q + s = (k + l)(p + r) + (p' — 1) < 
(k + 2){p + r) and the cases I < k are destroyed via the changes y — > y+const-x'). 
For / = k + 1 we also apply the change y — > y+const-a;' c+1 . After this the data 
p, r, n remain unchanged, but s — > (fc + l)r = 2(fc + 1). Altogether the exponent 
to changes to to < q + s = m + (p' — 1) < (k + 2)n. Hence n does not divide to and 
the previous arguments show that A > 0. □ 

Having the inequality from Lemma 5.23 we proceed further. Instead of the bound 
/i < nv we use /i < /i m i n + nV, where 

j/' < dcg Q — k + [(to — l)/n] < q + s — to 

for tp = (t- l) m Q{t)t- s (by Proposition 2.52). Instead of (5.22) we get 

(5.24) A > (n - n' - l)(q + s - m) - {n - 1) + V. 

Supposition n\m leads to (k + l)(p + r) < m < q + s (since the cases ^ < k can 
be destroyed) but we assumed that to < q + s. Thus n > 2n' and (5.24) gives 

A > (n' - l)(q + s-m-l) + (n- 2n) + V. 

Therefore the case is strict, T> = 0, n = 2n' and cither n' = 1, or m = q + s — 1. 
But n' = 1 implies p = r = 1 and i,^eZ, in contradiction with (2.35). Let 

to = g + s — 1 . 

The condition V = implies that either p' = 1 or r' = 1; assume r' = 1. Then 
|ps — rq| = p'. 

Since n' = ^(p + r) and m = In', we have g + s = ^2±r + 1. Because fc(p + r) + l < 
q + s < (k + l){p + r), we get I = 2k + 1. So 

p + r = 2n', g + s= (2fc+l)n' + l. 

Since ps — rq = p(q + s) — q(p + r), we find 

(5.25) ps - rq = n' [{2k + l)p - 2q] + p; 

it equals +p' . 

We distinguish three subcases: 

(i)q>(k+l)p- (ii) q = (k + l)p; (hi) q < (k + l)p. 

In the case (i) we get \ps — rq\ > n'p — p > p' (as n' > 2). 

In the case (ii) we have p = p' and p = \ps — rq\ = (n' — l)p. Thus n' = 2, i.e. 
p + r = 4, and there are two types of curves: 

(5.26) p = (t-l) 4 t- 3 , ijj = (t-l) 4k+2 (t + f3)t- 3k - 2 , 

(5.27) <p=(t-l)H- 2 , ^=(t-l) 4k+2 (t + /3)t- 2k - 1 . 

5.28. Lemma. In (5.26) we have [3=1 (after the change t — * 1/t it is a 
subcase of the series (o) from Main Theorem) and the curve (5.27) always has a 
self-intersection. 

Proof. Apply c{ 1] =0. □ 
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Assume the case (iii), i.e. q < (k + \)p. It is impossible that (2k + l)p = 2q, 
because then (5.25) implies \ps — rq\ = p > p'. By the same reason 2q cannot be 
smaller than (2k + l)p. Therefore 2q — (2k + l)p > p' and hence 



(5.29) 



\ps — rq\ > \n p — p\ 



1 



Since \ps — rq\ = p' , then either 

(a) p' = 1, or 09) p' = 2. 

(a) Up' = 1, then 1 > . We can then assume p 
p = r leads to p' = p = r 
Thus p = 2d — 1 is odd, r 



r — 2 (the supposition 
1). Moreover, it should be 2q — (2k + \)p — p' = 1. 
2d + 1, q = | [(2k + l)p - 1] = k(2d -l) + d and 



s = k(2d + 1) + k + 1. The eventual curve is of the form 



¥>=(*- l) 4,< t 



4d.-2d-l 



^ = (t - l) 2d ( 2fe+1 )(t + ^t-*^ 1 )-*" 1 . 



5.30. Lemma. VFe feave (3 = 1, i.e. i£em foj of Main Theorem (after the change 
i-l/i). 

Proo/. Calculate Cf } . □ 

(/3) Let p' = 2. The above formulas give \ps — rq\ = r = 2 (by (5.29)) and also 
2q-(2k + l)p= 2. It givesp = 2(2d-l),q= (2fc+l)(2d-l) + l = 2 \k(2d - 1) + d] , 
s = 2k + 1 and s = 2fc + 1, i.e. 

¥> = (*- l) 4d t- 2 , ^ = (t - l) 2 ^ 2 ^ 1 )^ + ^t- 2 *" 1 . 



5.31. Lemma. TTie afeoue cwrwe always has a self-intersection. 

Proof. We have <p = t m (1 -2t + ...), (3'4> = <p k ■ r 2d [1 + ((3' - l)r + . . .] , 
T = t-1,0' = 1/(13 + 1). So Cf } = means /?' = 0. □ 

5.32. Remark. Above, i.e. in the case with maximal n and with one singular 
point, we sometimes used the quantity £ = Umin+n'u' . But when p' > n' or r' > n', 
the double points (not ^/y„ double points hidden at t = 0) may prefer to hide 
themselves at infinity. Therefore we should consider separately the quantity 

£ = Mmin + n'v + n fo + «oo^oo, 

where v' + vq + < deg Q. 

Suppose that p' > n and p' >r'. Then we get £ < fi min +p'(q + s — m) and 

A > (p + r - 1 -p')(q + s - to) - (n' — 1) + D. 

If p = p', then we use the handsomeness property r > p; so A > (p' — 1) — (n' — 
1) + V > 0. If p > 2p', then also A > 0. No new cases are found. 

Therefore the type (^) with ps ^ rq is complete. □ 

5. II. The case ps = rq. By Remark 2.33 we have 

p = pxp', r=pir', q = qip', s = qW , l<q/p<£Z. 
Thus pi > 2, qi > p x + 1 > 3. 
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We introduce also the notation 

d' =p' + r'. 

Therefore 

(5.33) 2<5 max = ( Pl d' - l)( qi d' - 1) - (d' - 1). 

By Proposition 2.28(b) twice the number of hidden double points is estimated 

by ' 

N 

(5.34) £ = ^n^ + d'(z/ inf + 1), 

1=1 

where 

N 

(5.35) ^2,{ni-2 + Vi) + v m f < a = (pi + qi)d' - 3 - k, k = [qi/pi] ■ 
i=i 

Moreover, when i/i n f = 0, 1 or when d' = 2, then d'(vi n f + 1) can be replaced by 

d'l/inf. 

5.36. Lemma. In the case 

d! > maxrij. 

there are no such curves. 

Proof. Indeed, by (5.34) and (5.35) we have £ < d'(a + 1) = (d'f { Pl + qi ) - 
d'(2 + k) and A > (d 1 ) 2 (piqi — pi — qi) — d'(pi + qi — 1 — k) + 2. It is increasing in 
Pi and <7i . For pi — 2 and qi — kpi + 1 = 2k + 1 we get 

A > (d'f (2k -l)-d'k + 2> d'(3k - 2) + 2 > 0. 

□ 

Now consider the case when 

n = n± > d' 

and rii is maximal among n^. We divide the problem into two cases: 

A. v ini > 2 and d! > 3, B. v inf < 1 or d' = 2 

(this division is motivated by Lemma 2.32). 

Case A. Here £ becomes maximal when v m f = 2 and there is one singular point 
with maximal n = p+r = p\d! (i.e. if = (t — l) n t~ r ) and with v = a — (n— 2)— ^j n f = 
qi d' — 3 — k. Thus £ = pirf'^irf' - 3 - k) + 3d' and 

A = (k + 2) Pl d' - qi d' - Ad' + 2 > ( Pl - 3)d' + 2 

(since qi < (k + l)pi — 1). Of course, it should be p\ = 2, q\ = 2k + 1 and 

A = 2 - d'; 

we see that the case is not strict. 

Assume ip = (t — l) m Q(t)t~ s . If m > n, then we make the change tp — > V/V> so 
assume that m < n = 2d'. Here degQ = (2fc+l)d'-m > (2fc-l)rf' and n' < d'. We 
use £ = yUmin + n'v' + d'(vi n { + 1), which is maximal when v' = and ^i n f = deg Q. 
Hence £ = m(n — 1) — (n — n') + d! [(2k + l)d' — m + 1] ; it is increasing in m. For 
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m = n - n' we get £ = (n - n')(n - d' - 2) + d' [(2k + l)d' + 1] . Since n = 2d' and 
n-n' < 2d 1 , we have £ <{2k + 3)(d') 2 - 3d' and 

A > (2k - l)(d'f - (2k + l)d' + 2 > (d'f - 3d' + 2 > 

k=l 

as d' > 3. Also when n < p + r the same analysis leads to A > 0. 

Case B: v- m f < 1 or d! = 2. Recall that by Lemma 2.32 we have 25; n f < d'v ln {. 
Since d! < n, then the double points would rather prefer finite singularity t\ = 1. 
For fixed number N of finite singularities £ is maximal when v ln f = and 25t j — 
rijVj —2-1 for j > 1. In fact, the case with d' = 2 (and v- ln f — 1) can be treated 
in the same way as an additional cusp point; in that case we agree to regard N as 
the number of singular points plus 1. Here 

£ = n [( Pl + qi )d' - 3 - k - (n - 2) - (N - 1)] + 2(N - 1). 

Two subcases are distinguished: 

B.l. N > 2; B.2. N = 1. 

B.l. From the below estimates it will follow that A > for N > 2; so we put 
N = 2. Then £ is maximal for n = p\d' (maximal), £ = p\d'(q\d' — 2 — k) + 2 and 

A = p + l) Pl - qi - 1] d'. 

We see that A < iff q\ = (k + l)p\ — 1 and the case is strict. 

With more precise estimate of the Milnor number we should have fj, = nu = 
Mmin + n'v'. So, cither n\m (here we use tp — > V'/v 3 ) or m = n' < n (Lemma 
2.27) and m < q\d' — 1. In the latter case (without assumption p\ < q\) we have 
H < m(n - 1) - f < (qxd 1 - l)(pid' - 1) - |pid' and 

A > (pi/2 - l)d' + 1 > 0. 

B.2 (one singular point). We make additional division: 
(i) n < p\d! — 1, (ii) n = p\d! . 

In the subcase (i) (with z/ in f = and ni = P\d' — 1) we have £ — (pid'—l)(qid'—k) 
and 

A = (fc-l)( Pl d'-l)-(d'-l). 

We see that A < iff k = 1; here A = 1 — d' < and the case is definitely not 
strict. Moreover, we can assume that n = p\d' — 1, as A > otherwise. 

We use more precise estimate £ = (pid' — 2){q\d' — 1) + (n' — 1) + n', i.e. for 
maximal ordV>t=i — m — q\d' . Here 

A = ( 9 i - l)d' - 2n' + 1. 

If n' < f = i(pid' - 1), then A > (^ - Pl - l)d' + | > 0. So ri = n, m = 2n = 
2pid' — 2, p' = r' = 1 and A = 1 — d! = —1. We have p = r, q = s = 2p — 1, i.e. 

¥>=(*- l) 2 ^ 1 ^ + a)t~ p , V = (* - l) 2 ^- 1 )* 1 " 2 ? . 

5.37. Lemma. The above curve is a C* -embedding iff either a = 1 ('item (g^ o/ 
Main Theorem) or p = 2, a = e ±ra / 3 Citem ^ of Main Theorem). 
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Proof. The first statement follows directly from calculation of C{ . 

The second case arises from the possibility of a double point hidden at infinity, 
2<5 inf = dV inf = 2-1. Wehave2(5i = ^ min = (2p-2)(4p-3) + (2p-2) = 8p 2 -12p+4 
and 2(5 max = (2p - l)(4p - 3) - 1 = 8p 2 - - lOp + 2. So it should be p = 2. 

But here we have the condition of equality of the leading terms of the Puiseux 
expansions at t = and at t = oo. As t — > oo we have x ~ i p = i 2 , y <~ t 3 <~ x 3 / 2 . 
As t — > we have x ~ (— a)t~ 2 , y ~ t~ 3 and y 2 /x 3 ~ (—a) -3 . Therefore a 3 = -1 
and a takes two values given in the thesis of the lemma. 

But the curve with a = e~ 47r / 3 is equivalent to the curve with a = e 47r / 3 via the 
change t — > 1/i and a normalization of a;. □ 

5.38. Remark. Items (q) and (r) of Main Theorem present series which include 
the curves from Lemma 5.37 as particular cases. These series are produced using 
the tower transformations (<p,tp) — » {fpxjp \ ip). When j > 1 the curves belong to the 
subcase (ii) considered below. 

Subcase (ii) : n = pid'. Here £ = p\d!{qid! — 1 — k) and 

A = (kpi -qi- l)d! + 2, 

which can be non-positive. Of curse, using the changes ip — > i/i/ip 3 we reduce the 
problem to the case m = ovA^ t =i < n. With m < n we have 

£ = (m-l)(n-l) + (n'-l)+n'(gid'-m) 
< { Pl d' - 2){ Pl d' - 1) + ( qi d' - Pl d' + l)n' - 1 

and 

A = ( qi d' - Pl d' + l)( Pl d' -n' - 1) -d' + 2 > 

(as n' < ^pid'). 

With this we have completed the proof of Main Theorem for curves of Type (^) . 

□ 

6. Curves of Type (~+) 

Recall that < q < p, < r < s, p + r < q + s and 

a = dim Curv = p + r + q + s — 3. 

Curves of this type are relatively simple due to the fact that ps — rq is large, it is 
> 3pV. 

6.1. Double points hidden at infinity. We begin with the situation 

max rii < max(p',r'). 

Suppose that p' is dominating; the case p' < r' is treated analogously. Then 
£ = p'(p + r + q + s — 3) and 

A = (pq + 2ps + rs— p— r — q — s — p' — r' + 2) — £ 

= (p') 2 {p\qi - pi- qi) + p'r'(2p 1 s 1 - n - Si) + (r') 2 r 1 s 1 

-j/(Pi + ft - 2) - r'(n + si + 1) + 2. 

If qi > 2, than pi > 3 and piqi — p\ — q\ > 0; here it is easy to see that A > 0. 
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If qi = 1, then we must use the handsomeness property (Definition 2.43 and 
Proposition 2.44), which ensures that p' < s — sir'. Therefore, with r'(n + 1) < s, 
we get 

A > -{p'f +p's(2 Pl - 1) -p'r'n +r'r lS -p'(pi - 1) - 2s + 2 

> (p') 2 (2p 1 -2)-p'( Pl + l) + 2 

> p'(3 Pl - 5) + 2 > 
(where we used p' > 2). 

6. II. Double points hidden at the singularities. We know very well that 
£ is maximal when there is only one singular point and that 

£ = n(p + r + q + s — 1 — n). 

(Looking at the below estimates one can see that admitting more singularities leads 
to A > 0.) 

We consider two cases: 

A. n<p+r— 1, B. n = p + r. 

Case A. We put n = p + r — l;we shall see that the case is strict and hence 
this assumption is correct. 

We have £ = (p + r — l)(q + s) and 

A = ps — rq — (p + r) — (p + r ) + 2 

= (P-Q- P')(s - 1) + (s - r - r')(q + 1) + {p 1 - l)(s - 2) + (/ - l)q. 

Therefore A < iff p = q + p ', s = r + r', r' = 1 and one of the two: 

A.l. s = 2, A.2. p' = 1. 

Moreover, the case is strict. 

A.l. Here r = 1. Thus p + r = q+p' + l and q + s = q + 2. Since p + r < q + s, 
we get p' = 1, i.e. the case A. 2. 

A. 2. We have p + r = q + s = n + l and 2<5 max = n 2 + n. Since the case is strict, 
we should have [i = nv = ^ m ; n + nV. By Lemma 2.27 either m = In + n' , v' = 
orm = In. 

If to < n, then to — n' < \n and = u min = n(m - 1) < 25 max . 
Let to — n, i.e. we have the 2-parameter family 

l) n (i + a)t- r , V = (* - 1)"(* + ^t-^ 1 . 

If i/' = 0, i.e. Cf } ^ 0, then /i = n(n - 1) < 25 max . 

If v' > 1, i.e. } = 0, then we make the change V -» V' - = _ T+I^ ~ 

1 ^„+2 t -r-i and we see that c a) = M ^ o. If n is odd, then u = n 2 - 1 < 2c5 max . If 
n' = gcd(n,n+2) = 2, then either C^ 1 } ^ (and /z = (n+l)(n-2) + (n+2)(2-l) = 
n 2 <2S max ) orC* 1 ' = 0^C| 1} . 

In the latter case u = n 2 + 2, what equals 2<5 max only for n = 2. Since n = p+r — 1 
and p > 2, we get p = s = 2 and r = q = 1, i.e. 

p = (t - l) 2 (t + a)i -1 , V = (* - 1) 2 (^ + P)t~ 2 - 



ANNULI 



41 



6.1. Lemma. The above curve is an embedded annulus only for a = 2, (3 = 1 
(item (w) of Main Theorem). 

Proof. Since n = 2, there can be other singular points with rij — 2. There can 
be either three A2 singularities, or an A4 singularity and an A2 singularity, or an 
A 6 singularity. With a' = 1/(1 + a), f3' = 1/(1 + (3) and r = t — 1 we have 

dtp = T ai±£!l =r 2[i + ( a '_i) T + ...] ) 

1 + T 

M = t 2 1±^ = t 2 [1 + (/3'-2)t + ...]. 

Here £(<*V) = t [2a 1 t 2 + (3a' + l)r + 2] /(1 + r) 2 and £(/3V) = t[/Tt 2 + 3/3V + 
2]/(l + r) 3 . 

In the case 3A 2 it should be 2a'r 2 + (3a' + 1)t + 2 = (3't 2 + 3/3' t + 2. This gives 
a' = I and (3' = |, i.e. a = 2 and /? = i; it is the Rudolph's curve [Ru]. 

Let x := a'cp - /?> = r 2 [(1 + a'r)(l + r) - (1 + /3V)] (1 + tT 2 . If = 0, 
then [3' = a 1 + 1 and X = u't 4 {1 + t)" 2 = a'T 4 (l - 2r + . . .). Moreover, ^ = 
2a'r 3 (2 + t)(1 + t) -3 . If there is another singular point ti = I + T2, then t 2 = —2 
and the condition ^7(^2) = gives a' = (bad solution). So the case A 2 + A4 is 
not realized. 

The possibility = means 2(a' — 1) = —2. Again we get the bad solution 
a' = 0. The case A6 is also not realized. □ 

Case B: n = p + r. We have 

A = ps — rq — (q + s) — (p' + r') 

= (p-q- p')(r + 1) + (s - r - r')(p - 1) + {p 1 - l)r + (/ - l)(p - 2). 

So, the case is strict, p' = 1, p = q + 1, s = r + r' and one of the two: 

B.l. r' = 1, B.2. p = 2, r' > 2. 
We also assume that m< q + s — 1; otherwise, we use Lemma 5.15. 

B.l. Here p + r = q + s = n and 2<5 max = (n — l) 2 + n — 1 = n 2 + n. Since 
m < n and the case is strict, it should be m — n' and \i — /i m ; n = n(m — 1) < 
(p + r)(q + s - 2) = n 2 - 2n < 2S max . 

B.2. Here p = 2, q = 1 and r' > 2. If m > n, then we apply the change 
V> — » ^/<p. This gives a curve of Type (~) (because ip/ip(oo) = 0). But such curves 
were already classified. 

If m < n, then by the strictness we have m — n' and nv — n mm — n(m — 1). 
Since v = q + s — 1 and 777 — 1 < q + s — 2, we get a contradiction. 

This completes the type (7^) and finishes the proof of Main Theorem. □ 

Acknowledgements. We would like to thank M. Koras and Z. Jelonek for their 
comments about our approach to the affine curves. 



42 



MACIEJ BORODZIK AND HENRYK ZOLADEK 



References 

[AbMo] S. S. Abhyankar and T. T. Moh, Embeddings of the line in the plane, J. reine angew. 

Math. 276 (1975), 148-166. 
[AVG] V. I. Arnold, A. N. Varchcnko and S. M. Gusein-Zade, Singularities of differentiate map- 
pings, Monographs in Mathematics, v. 82, 83, Birkhauser, Boston, 1985, 1988; [Russian: 

v. 1, 2, Nauka, Moscow, 1982, 1984]. 
[ABCN] E. Artal Bartolo and P. Cassou-Nogues, One remark on polynomials in two variables, 

Pacific J. Math. 176 (1996), No 2, 297-309. 
[BZI] M. Borodzik and H. Zoladek, Complex algebraic curves via Poincare-Hopf formula. I. 

Parametric lines, Pacific J. Math. 229 (2007), No 2, 307-338. 
[BZIII] M. Borodzik and H. Zoladek, Complex algebraic curves via Poincare-Hopf formula. III. 

Codimension bounds, preprint, University of Warsaw, 2007. 
[EiNe] D. Eisenbud and W. Neumann, Three-dimensional link theory and invariants of plane 

curve singularities, Annals Math. Studies 110, Princeton Universityty Press, Princeton, 

1985. 

[FIZa] H. Flenner and M. Zaidenberg, On a class of rational cuspidal plane curves, Manuscripta 

Math. 89 (1996), 439-459. 
[Fu] T. Fujita, On the topology of non-complete algebraic surfaces, J. Fac. Sci. Univ. Tokyo 

(Ser. 1A) 29 (1982), 503-566. 
[GrHa] P. Griffiths and J. Harris, Principles of algebraic geometry, J. Wiley & Sons, New York, 

1978. 

[Ka] S. Kaliman, Rational polynomials with a C* -fiber, Pacific J. Math. 174 (1996), No 1, 
141-196. 

[MaSa] T. Matsuoka and F. Sakai, The degree of rational cuspidal curves, Math. Ann. 285 (1989), 
233-247. 

[Mil] J. Milnor, Singular points of complex hyper surf aces, Annals Math. Studies 61, Princeton 
University Press, Princeton, 1968. 

[Miy] Y. Miyaoka, The minimal number of quotient singularities with given numerical invari- 
ants, Math. Ann. 268 (1984), 159-171. 

[Ne] W. Neumann, Complex algebraic plane curves via their links at infinity, Invent. Math. 
98 (1989), 445-489. 

[NeNo] W. D. Neumann and P. Norbury, Rational polynomials of simple type, Pacific J. Math. 

204 (2002), No 1, 177-206. 
[NeRu] W. Neumann and L. Rudolph, Unfolding in knot theory, Math. Ann. 278 (1987), 409-439; 

Corrigendum to "Unfoldings in knot theory", Math. Ann. 282 (1988), 349-351. 
[Or] S. Yu. Orevkov, On rational cuspidal curves. I. Sharp estimate for degree via multiplici- 
ties, Math. Ann. 324 (2002), 657-673. 
[OZ1] S. Yu. Orevkov and M. G. Zaidenberg, Some estimates for plane cuspidal curves, in: 

"Seminaire d'Algebre et Geometrie, Grenoble 1993". 
[OZ2] S. Yu. Orevkov and M. G. Zaidenberg, On the number of singular points of plane curves, 

in: "Algebraic Geometry, Saithana 1995". 
[Ru] L. Rudolph, Some knot theory of complex affine curves, L'Enseign. Math. 29 (1983), 

185-208; [new version: |arXiv:math.GT/0106058"l vl 8 Jun 2001]. 
[Sul] M. Suzuki, Proprietes topologiques des polynomes de deux variables complexes et auto- 

morphismes algebriques de I'espace C 2 , J. Math. Soc. Japan 26 (1974), 241—257. 
[Su2] M. Suzuki, Affine curves with one place at infinity, Ann. Inst. Fourier 49 (1999), 375—404. 
[Wa] I. Wakabayashi, On the logarithmic Kodaira dimension of the complement of a curve in 

P 2 , Proc. Japan Acad. Ser. A. Math. Sci. 54 (1978), 157-162. 
[Yo] H. Yoshihara, Rational curves with one cusp, Proc. Amer. Math. Soc. 89 (1983), 24-26; 

II, Proc. Amer. Math. Soc. 100 (1987), 405-406. 
[ZaLi] M. G. Zaidenberg and V. Ya. Lin, An irreducible, simply connected algebraic curve in 

C 2 is equivalent to a quasi-homogeneous curve, Dokl. Akad. Nauk SSSR 271 (1983), 

1048-1052 [Russian]. 

[ZaOr] M. G. Zaidenberg and S. Yu. Orevkov, On rigid rational cuspidal plane curves, Russ. 

Math. Surv. 51 (1996), No 1, 179-180; [Russian: Uspekhi Mat. Nauk 51 (1996), No 1, 
149-150]. 



ANNULI 43 

Institute of Mathematics, University of Warsaw, ul. Banacha 2, 02-097 Warsaw, 
Poland 

E-mail address: mcboro<3mimuw.edu.pl 
E-mail address: zoladekamimuw.edu.pl 



